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• Regression

• Diagnostics of regression

• R output of regression

• Multiple testing
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Tests and linear models
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Requirements for linear regression

1. Linearity – Y can be explained using a linear combination, 
e.g., 𝑌 = 𝛽0 + 𝛽1 ⋅ 𝑋 + 𝜀

2. Constant variance – error has constant variance (independent of X)

3. Normality – error 𝜀 needs to be normally distributed

If these assumptions are strongly violated
the model is not valid
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1. Linearity: Scatter plot for simple linear regression

OK Systematic error
Curvature:
𝑦 = 𝑏0 + 𝑏1𝑥 + 𝑏2𝑥2
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2. Constant Variance? Scatter plot for simple 
linear regression

OK Error variance is not constant
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Constant variance:  Example for a good TA-plot 
(Tukey-Anscombe-Plot)
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Constant variance: Examples for bad TA-plots

Error variance not constant Systematic
error
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heavy tailed

left skewed right skewed

short tailed

normal

3. Normality: QQ-Plot
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• 𝒏 = 𝟏𝟎𝟎, 𝑹𝒊 ∼ 𝓝(𝟎, 𝟏)
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QQ-Plots: what are «good» QQ-Plots
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…what if residual analysis is haywire (drunter & drüber)
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• VO2max: amount of oxygen, the body can 
absorb per kg mass and minute

• Test is expensive and effortful

• Not meant for the broad community

• Alternative?
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Aerobic performance
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• 91 subjects, 20m-shuttle-test and VO2max measurement
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Léger et al., 1983
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• መ𝛽0 = −19.46

• መ𝛽1 = 5.86

• ො𝜎 = 5.4
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Aerobic Performance

51

ො𝑦 = መ𝛽0 + መ𝛽1𝑥 =
     = −19.46 + 5.86 ⋅ 12 ≈ 51

−19.46

5.86
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• Model: 𝑌𝑖 = 𝛽0 + 𝛽1𝑥𝑖 + 𝐸𝑖 , 𝐸𝑖 ∼ 𝒩 0, 𝜎2  𝑖. 𝑖. 𝑑.

• Model: 𝑌𝑖 = −𝟏𝟗. 𝟒𝟔 + 𝟓. 𝟖𝟔 ⋅ 𝑥𝑖 + 𝐸𝑖 , 𝐸𝑖 ∼ 𝒩 0, 𝟓. 𝟒𝟑2  𝑖. 𝑖. 𝑑
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Linear regression in R
Standard error of ෡𝜷𝟏

approx. 95%-CI:
5.86 ± 2 ⋅ 0.41

exact 95%-CI:
5.86 ± 1.99 ⋅ 0.41

Observed Test statistic 𝒕
in the test:
ℋ0: 𝛽1 = 0 vs ℋ𝐴: 𝛽1 ≠ 0

𝑡89; 0.975

P-value:
Assume 𝛽1 = 0; what is the
probability of 𝑡 or an even
more extreme value? 

Degrees of freedom: 
𝑛 − 𝑘 = 91 − 2 = 89
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Multiple testing correction

• Significance level 𝛼
• Probability to reject H0 (alarm goes off), given it is true (there is no fire).

• Traditionally set to 0.05 (5%) 

• If a test is performed on this level under H0, we have a 5% chance that it gives 
a wrong result…

15

22.01.2021Daniel J. Stekhoven



||

Multiple testing correction

• Let’s test 100 samples versus a reference with 𝛼 = 0.05 each (1 out of 20, 1/20)

• Assume that H0 is always true → there’s never a difference!

• The chance of observing at least one significant result is

1-P[no significant result]

• No significant result means, the test will not reject, given H0 is true – the chance 
for that is 1-𝛼

• Doing 100 tests the chance of no significant result becomes

(1-𝛼)100= (0.95)100 = 0.0059

…and thus the chance to observe at least one significant result is

1-0.0059 = 0.9941
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Multiple testing correction

• This is corrected by adjusting the significance levels of the test (or 
equivalently, the resulting p-values)

• Methods are: 
• Bonferroni Correction (very stringent)

• Benjamini-Hochberg (less stringent, better for large scale data)

• …

17

22.01.2021Daniel J. Stekhoven



||

• Example from before using Bonferroni:
• P[at least one significant result] = 1-(1-𝛼)100

• Bonferroni: divide 𝛼 by the number of tests

෤𝛼 =
𝛼

𝑛
• then

1-(1- ෤𝛼)100 = 1-(1-0.0005)100 = 0.0488

Multiple testing correction
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Full text is freely available on Wikipedia
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Manhattan plot
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• Make sure that your model is the right one

• If not either transform data or change the model

• Multiple testing is ruining everyone’s day … but we need to do it

• Now solve exercise 2 and 3, you will need:

• In 2) qt(0.025, 50)=-2.008559 and qt(0.05, 50)=-1.675905

• In 3) qt(0.025, 7)=-2.364624 and qt(0.05, 7)=-1.894579
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Summary
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