2 The stochastic approach
The results of this chapter can be summarised as follows:

In the non-linear stochastic models (SN and SNM) the epidemic dies out almost surely, no
matter what values the parameters take (Theorems 2.2 and 2.7). This behaviour is due to the
finite number of individuals in the system. On the other hand, if we let the number of individuals
tend to infinity in a way to be specified later, we found threshold results, depending on 9, which
give us a better insight of the development of the epidemic (Theorems 2.3 and 2.8). In the linear
stochastic models (SL and SLM) we have again threshold results depending on 0 (Theorems 2.5
and 2.10). These results are analogous to Theorems 2.3 and 2.8 in the non-linear cases. Besides
that we could compute the exact value of the expectation of the number of parasites at any time in
the linear stochastic models (equations (2.5) and (2.6)). All these results must be compared with
the results using the deterministic approach (chapter 4). All results in the stochastic environment

have an analogue in the deterministic environment except Theorems 2.2 and 2.7.

2.1 The stochastic non-linear model without mortality of
humans SN

We begin with the stochastic approach in model SN, that is the stochastic,
non-linear model without mortality of humans. This model was analysed in
Barbour and Kafetzaki (1993)). The first result is frequently used in analysing
all eight models and has no obvious epidemiological interpretation.

Lemma 2.1 [Barbour and Kafetzaki (1993), Equation (2.2)] For

all kK > 0 we have
Zpik < 00.
i>1

The next result shows that in the non-linear stochastic model without
mortality of humans, the epidemic dies out with probability one no matter
what values the parameters take.

Theorem 2.2 [Barbour and Kafetzaki (1993), Theorem 2.3] In the
model SN the infection dies out with probability one, that is

PlJim = (¢) = eo] = 1.

Remarks 1. There is no deterministic analogue of Theorem 2.2 (see The-
orems 2.3 and 4.2 as a contrast).

2. As a consequence of Theorem 2.2 the process SN is in particular ‘regu-
lar’, in the sense that it makes only finitely many transitions in any finite time
interval [0,T] almost surely.
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Remarks on the basic reproduction ratios I Let us define Réo) =

A0/ and REO) = (Xelogf)/p. These are quantities which emerge as being
critical in determining the behaviour of the models without mortality, as, for
instance, in Theorem 2.3 below. R(()O) is what would usually be called the ba-
sic reproduction ratio, because it denotes the average number of offspring of a
single parasite during his whole lifetime in the absence of density dependent
constraints. This can be seen in the following way: A worm has an expo-
nentially distributed lifetime with parameter u which means that his expected
lifetime is x~!. During such a life he makes contacts at a rate of A per time
unit and on average these contacts result in infections with 8 worms. We have
not yet found a good interpretation for Rgo) (see "Remarks on the basic repro-
duction ratios II, IIT and IV” in this chapter for further discussions of these
questions)!

By the expression threshold behaviour we usually denote general state-
ments of the following type: If Ry > 1 the epidemic develops in deterministic
systems and if Ry < 1 the epidemic dies out. In a stochastic environment state-
ments are usually such that if Ry > 1 the epidemic has a positive probability
to develop and if Ry < 1 the epidemic dies out almost surely. We are going
to see in chapters 2 and 4 that the situation in our eight models is far more
complex than that stated above.

Looking at Theorem 2.2 we see that the epidemic finally dies out almost
surely in SN no matter what values the parameters take. But the behaviour of
SN in finite time (and with M large) is quite different depending on whether

REO)7 i € {0,1}, is greater or smaller than one. This is made more precise in

Theorem 2.3 Fizy € N§°, such that0 <Y := 2321 y; < 00, and suppose
that for each M >Y we have x(M’O)(O) =y,;/M for all j > 1. Then in model

J
SN we have the following threshold behaviour:
Case 1): 8 <e. Then

lim lim P[Z ng’O) (t)=0] =1 if and only if Réo) <1

t—oo M —oo
j=1

Case 2): 0 > e. Then

lim lim P[> 2P (t) =0] =1 if and only if R{" <1.

t—oo0 M—oo
j=1

Explanation The initial number of infected individuals stays constant and
equal to Y; as M tends to oo, only the initial number of uninfected individuals
MxéM’O) =M —Y grows.
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Remarks 1) The deterministic analogue of Theorem 2.3 is Theorem 4.2.

2) We let M tend to oo first (with ¢ fixed). In the linear models the
contact rate A\ stays the same no matter how many individuals are infected.
But in the non-linear model this contact rate is altered by multiplying it with
the proportion of uninfected )\xéM’O). As we increase M, we only increase the
initial number of uninfected individuals. The initial proportion of uninfected
tends to 1 as M tends to infinity. So we almost have a linear model (at least
in the initial phase). So it is not too surprising, that we have analogous results
to those in Theorem 2.5. Note that it is vital to let M converge to infinity first
and then we let t converge to infinity. Otherwise these probabilities would be
0 in all cases because of Theorem 2.2.

Proof of Theorem 2.3 The idea of the proof is to show that for fixed
M there exists a linear process X (%) /M which is in all components larger than
our original (™9 and such that, the larger we choose M, the more z(*:0)
behaves like X(9) /M. Then we use Theorem 2.5 (we do not use Theorem 2.3
to prove Theorem 2.5).

1. First we have to find that linear process X(9: For this we define a
trivariate Markov process (X (") (t), X(")(¢), R'(t)). “nl” stands for non-linear,
“r” stands for residual and the meaning of R’ is explained later. In fact, each of
the components in (X, X(")) are themselves infinite dimensional: The first

component is an infinite vector (X ;nl)(t)) ;>0 and the second component is an
infinite vector (X,Er) (t))k>1. We assume that X](-”l)(t) € Ny and X,ET) (t) € Ny
for all ¢, j, k. We choose the initial values to be such that Xénl)(O) =M-Y,

X;nl)(O) =y; for j > 1 and X,ET) (0) = 0 for k > 1. Our aim is to construct

XD and X such that X" := X" + X" behaves like SL for j > 1. We
define the univariate, random process R/(t) to have values on the nonnegative
integers and to have initial value R’'(0) = 0. We let these processes develop
according to the following rates:

(XD XM R — (XTD 4 (ej_1 —e;), X, R)
at rate quJ(-nl) ; j > 1, (death of a parasite in the non-linear process)
(X", X R) — (X 4 (e — e0), X, R)
at rate )\(X(()nl)/M) D1 XS pur ik > 1, (infection in the non-linear process)
(X0 X R — (XM, X0 4 (e;_1 —¢;), R)
at rate juX J(»T) ; j > 2, (death of a parasite in the residual process)
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(X0, X0 R — (X0, X0 — ey RY)

at rate ,uX , (death of a parasite in the residual process when j = 1). As can
be seen, non of the above events change the state of R’.

Let us first motivate the rates to come. Define R(u) := > .5, XJ(-T) (u),

and N(u) := Z]>1X(nl)(u). Then we define 7 := inf{u : N(u) > a} for a a
(usually large) positive number to be chosen later. Our aim is to define a time-
homogeneous Poisson process R’ such that almost surely the following relation
holds:

R'(u) > I[R(u) > 0[I[u < T]. (2.1)

As we construct X () such that X () develops according to SL, we already know
that the total rate at which infections take place in X" (and so in R) must be

MY X wpg + (1= X5 () /M) Y X (w)pje).

k>1 j2>1 7j>1

But in (2.1), the right side is 0 at time 0 and as long as u < 7 increases to 1 as
soon as a first infection takes place in X (™). This happens at rate

A1 = u)/M) ZZX w)pjk

k>15>1

as until then R = 0. Let us have a closer look at this rate, as long as u < 7:

nl nl nl nl
A= X5 @) /M) SN X @)pie < A1 = X5 (w)/M) Y X (w)
k>14>1 j>1

g/\(lfM*

i a)a = \a*/M

So we define a time-homogeneous Poisson process R’ of rate Aa?/M coupled to
the development of R in the following way:

Define
b(u) := a?/M
r (nl)
_Z(ZX](')(U Jk+(1_Xo u)/M) ZX pak
k>1 j>1 i>1

Note that we have just shown that b(u) > 0 until the first infection takes place
in the residual process and as long as u < 7. Then, if b(u) > 0 we have the
following rates

(X0 XM R — (X0 XT) 4 ey, R 41)
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at rate
(nl)

s X n
AN X P+ M1 = =) S XM k2 1,

>1 u>1

this is an infection in the residual process. Additionally, we have the following
changes
(x0D, X" R — (xD X R +1)

at rate

n

(nl)
Aa*/M — Z )\ZX( Yo + A1 Z X" puk).

k>1 1>1 u>1

Now if b < 0, we have the following rates
(X(nl (r) Rl) ( (nl)7X(r) +€k,R/)

at rate
(nl)

T X n
MY X A AL = =) DX s k> 1,

1>1 u>1

this is again an infection in the residual process. Additionally, we have the
following changes

(X("l),X(T),R’) _ (X(nl),X(r),R’ 4 1)

at rate Aa?/M. With this construction (2.1) holds almost surely for the follow-
ing reasons: we showed that b > 0 until the first infection, R’ increases too at
the first infection but does not decrease any more, additionally, note that we
look at I{z~0} and not R in (2.1).

As only the first two components of this process are important in part 1 of
the proof, we repeat for better understanding the last part of the rate at which
the first two co-ordinates change, neglecting R’:

(X(nl)’X(T)) N (X(”l),X(T) + ek) at rate

., X(nl)
)\ZXl( )pzk + A1 - 07) ZX&"l)puk k> 1

1>1 u>1

R’ is a time-homogeneous Poisson process of rate Aa?/M. The reader can
easily check that X (") /M behaves according to SN. Let us look at the sum

X(O) (XD 4 X)), for j > 1. The development of X is that of SL and
it 1s independent of M, as the rates involving M cancel. M also appears in
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the initial values, but there it only appears in the initial number of uninfected
individuals; since X () does not include the zero co-ordinate, it is independent
of M.

2. We now have to examine the limit

lim P[> a9 (t) = 0].

M—o0 -
Jj=21

For all fixed M we introduce the notation L(u) := > ., XJ(O)(u)7 where we

still have N(u) := 3,-; X\ (u) and R(u) := Y o, X\ (u).

Now we fix ¢ and define L := L(t), N := N(t) and R := R(t). Note that while
the distributions of N(u) and R(u) depend on M, the distribution of L(u) does
not depend on M. We have

Py 2Vt =0] = P[> X" (t) = 0] =P[N =0]. (2.2)

Jj=1 Jj=1

As L = N + R we have

P[N =0] =P[L — R =0]
=P[L - R=0|R=0]P[R=0] +P[L—R=0R>0]P[R>0]
=P[L=0]+P[L—-R=0|R>0]P[R> 0. (2.3)

The last equality holds because if L = 0 then R = 0 too.

The next step is to show that ]P’[R > O] tends to 0 as M tends to infinity.
Define a bivariate Markov process (X (9, B) such that X(%) is the SL process
and behaves as before. Additionally we add a univariate random variable B >

0. The initial values are X](-O) (0) =y; for j > 1 and B(0) = 0 and let us recall

that ¥ := > .-, y;. The vector (X (), B) changes according to the following
rates: B

(XO,B) — (X + (¢j-1 — ¢;), B) at rate juX;" ; j > 2,
(X©,B) = (X — 1, B+1) at rate pX{”; (j = 1),
(X©.B) — (X© 4 ¢, B) at rate )\ZX&O)puk ik >1,

u>1

(X(O),B) _ (X(O),B + 1) at rate A\B + A\ ZXq(LO)puU

u>1

As is easily seen, X () is still our linear process constructed in step 1. B cancels
almost surely every loss of an infected individual in the linear process X (9): an
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infected individual drops out of the system if a parasite dies in an individual
with only one worm and additionally B cancels infections with zero parasites
in the linear process X(© through adding that rate in the fourth line of our
rates. Hence, if we define L := L + B, then L is almost surely a pure birth
process of rate A. If L increases, L increases too, but L does not decrease
when L decreases; more, the growing part B of the sum L = L+ B contributes
increasingly to the growth of L.

We can now argue as follows: For positive a, to be chosen later (the reader
should think of a being much larger than Y'), we have the following relations:

1

P[N >a] <P[L>a] <-E[L] = “YeM.

1
a

If we choose a such that a='Ye* < ¢, for an arbitrary € > 0, we can continue
as follows: As 7 :=inf{u: N(u) > a} < oo,

RI{t<T} > 0] +P[Rf{t2.,-} > 0]
RIjcry > 0] + P[Isry > 0]

Rl{t<7-} > 0] + €.

P
Pl (2.4
P '
P

In the last inequality we used that IV is dominated by L. We now have to show
that P[RI{;<. > 0] tends to 0 as M tends to infinity. But by (2.1)

P[RI{i<ry > 0] = P[I{psopI{t<ry > 0] <P[R' > 0] = 1 — exp(—tAa® /M),

as the probability that there is no event in the Poisson process until time ¢ is
exp(—tia?/M). So, letting M tend to infinity, we have in (2.4), as € > 0 was
chosen arbitrarily, that limy;_, P[R > 0] = 0. Hence, from (2.2) and (2.3) we
have

lim P[> a0 (t) = 0] = P[L(t) = 0].

M—o0 -
Jj21

3. We now have to examine the expression

lim P[L(t) = 0]
to finish the proof.
The first directions (f < e and R(()O) <1lorf > e and Rgo) < 1) follow

immediately: We can use Theorem 2.5 because convergence to 0 a.s. implies
convergence to 0 in probability (note that {L(t) = 0} = {L(t) > 1/2}°).
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The inverse directions (§ < e and Réo) >1lor 6 >eand Rgo) > 1) need
the following reasoning: Let us define the random process I(t) in the following
way:

_J1 i L(#)>0
1) := {o it L(t) = 0.

As I(t)(w) is a decreasing function in ¢ for each w, lim;_,, I(¢) exists a.s. and
so we can define a.s. the limit-function I, as follows:

Io(w) := lim I(t)(w).

By Theorem 2.5 we have P[Ioo = 0] =: ¢ < 1 under the above constraints. But
as I(t) is a decreasing function, we have P[I(t) = 0] < P[loc = 0] = ¢ < 1
completing the proof.

O

2.2 The stochastic linear model without mortality of hu-
mans SL

In this section the model SL (stochastic, linear, without mortality of hu-
mans) is analysed. We first want to be sure that the process SL is ‘regular’, in
the sense that it makes only finitely many transitions in any finite time interval
[0,T], almost surely. This is shown in the following

Lemma 2.4 The process X©) that evolves according to SL is reqular.

Proof of Lemma 2.4 If there are infinitely many transitions in a finite
time interval [0,T], there must be infinitely many infections too in [0,T]. But
this is impossible as can be seen by comparison with a pure birth process of
rate \.

O

Next a result of Barbour (1994) is presented. In that paper the model SL
(stochastic, linear, without mortality of humans) is analysed. Theorem 2.5
describes the threshold behaviour in the model SL and gives the expected
number of parasites at time t:

Theorem 2.5 Let us assume that 0 < Zj>1Xj(O)(O) < oo. Then the
following result holds: -

Case 1): 0 < e. Then Pllimy o> ;o4 X;O)(t) = 0] = 1 if and only if
R <1.

Case 2): 6 > e. Then Pllimy oo} 5y X;O)(t) = 0] = 1 if and only if
R” <1
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In addition, the expected number of parasites in SL grows at an exponential
rate (A0 — p):

B[y XV 0] = (3 X1 (0))e0 =0, (2.5)

Jj=1 Jj=1

Remark The deterministic analogue of Theorem 2.5, cases 1) & 2) is Remark
1 following Theorem 4.8; that of equation (2.5) is equation (4.7).

Proof of Theorem 2.5 Cases 1) and 2) of this theorem have been proven
in Barbour (1994) as Theorem 2.1.

(2.5) is proven as follows: Let us define M(¢) := Ej>1jXJ(-O)(t). Further
we define -

o(XO) =3 X OG- 1) — 3+ AN Xk

Jj=21 k>1j>1
= —uM + NOM

and
Iww:M@—M@—Aqﬂ%wm.

In Corollary A7 of the Appendix we prove that W is a martingale. We have:
M@:W@+M@+A%ﬂ%@@.
Now we take the expectation, giving
B0 (0] = (0) + [ BIe(x ) ),
since W(0) = 0. As ¢(X©(u)) = (A0 — )M (u) we have the integral equation

ysz@+Auwwmwm

where y(t) := E[M(¢)]. But this immediately leads to the equation (2.5),
completing the proof of Theorem 2.5.
O

Remarks on the basic reproduction ratios II A first important re-
mark that has to be made looking at Theorem 2.5 is as follows: Depending on
the value of 6 (6 > e) it is possible that R(()O) > 1 and Rgo) < 1. Let us assume
we are in such a situation and 6 > e. This implies that the epidemic dies out
with probability one; but it means too that the expected number of parasites
tends to infinity. It is clear that in the stochastic model the number of parasites
goes to 0 too with probability 1.
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Let us look at an analogous situation in model SN. If the number of individ-
uals M is constant, the epidemic finally dies out with probability one (Theorem
2.2). We could ask ourselves whether if Réo) > 1, then the expected number of
parasites tends to infinity, that is E[Zj21jx§M’O) (t)] — oo for t — c0? Such
a behaviour is suggested through Remark 5) of Theorems 4.3 and 4.25. This
question is open.

But instead, let us compare this result with the results of the deterministic
approach in chapter 4: in both systems, DN and DL, we have an analogous
behaviour (Remark 5 to Theorems 4.3 and 4.25 for DN and for DL it is equation
(4.7) and Remark 1 to Theorem 4.8). But in DN and DL it is the number of
parasites (and not an expectation as in chapter 2) that tends to infinity. This
difference between the results of chapters 2 and 4 is due to the fact that in the
deterministic models the number of individuals can be any nonnegative real
number, possibly smaller than 1, while in the stochastic models we only have
natural numbers.

The remainder of chapter 2.2 comes from Barbour (1994): When 6 > e
and Rgo) <1l< RE)O), the expected number of parasites IE[ZJleXJ(.O) ()] in-

creases with ¢, but, for 8 =1/log0, E[}_ .-, jﬁXJ(-O) (t)] tends to zero (see proof
of Theorem 2.5, Case 2, first direction in Barbour (1994)). This suggests that
the expected number of parasites is in this case dominated by the possibility of
having a few individuals with very large parasite burdens. Thus, to understand
why Aelog6/u = 1 emerges as a threshold, we consider what happens to indi-
viduals infected by large numbers of parasites. As time goes by, the number of
parasites carried by such an individual decreases almost exactly exponentially
at rate u, and from time to time, at rate A, he causes new infections, each
of which starts with almost 6 times as many parasites as he currently carries.
Thus, on a logarithmic scale, his parasite burden decreases almost linearly to-
wards zero at rate u, and each of those he infects behaves in similar fashion,
but with initial burden having a value almost logé greater than his current
burden.

This motivates the following definition of a branching process Y with drift.
Y (t) describes the positions in Ry of a random number of particles. Each
particle drifts steadily at rate p towards 0, and is annihilated upon reaching
0. Until this time, it gives birth to further particles according to a Poisson
process of rate A, independently of all other particles. If a particle is born
to a parent at position z, it is initially placed at position x + logf, and it
thereafter behaves according to the same rules governing drift, annihilation
and reproduction, independently of all other particles. We are interested in the
distribution of Ny < oo, the total number of particles ever in existence. By
scaling, we can equivalently take M’ = 1 and p/ = 1, then setting d := Alog6/pu
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for the translation at birth. Clearly, the larger the value of d, the larger the
values to be expected of Ny. Let P, denote the distribution conditional on
starting with a single particle at position s.

Theorem 2.6 [Barbour (1994), Theorem 3.1] If d < 1/e, then we
have Ps[Ny < oo] =1 for all s, and Eq[Ny] <e. Ifd > 1/e, Ps[Ny < 0] <1
for all s.

Remark The change at the critical value of d is quite abrupt. When d
takes the value 1/e, not only is Ny almost surely finite, but its mean is also
finite (and equal to e under Pg), although, for any d > 1/e, there is a positive
probability that Ny = oo. Note that d = 1/e represents Aelogf/u = 1 in
the notation of the original problem. This suggests the interpretation that, for
Rgo) < 1, the few individuals with large numbers of parasites are unable to

support the growth of X, but that when Rgo) > 1 they can.

2.3 The stochastic non-linear model with mortality of hu-
mans SNM

In this section, the stochastic non-linear model including mortality of humans
is analysed. The following theorem should be compared with Theorem 2.2. It
shows that in the non-linear cases the epidemic dies out with probability one
no matter what values the parameters take.

Theorem 2.7 In the model SNM the infection dies out with probability
one, that is
P[tlirglo z(t) = eg] = 1.
Define T5F' := inf{t : x(t) = e}, the time until the epidemic dies out (extinc-
tion). Then
E[T5] <14¢e™

with r:= XA — log(1l — e™").

Remarks 1. There is no deterministic analogue of Theorem 2.7 (see The-
orems 2.8 and 4.24 as a contrast).

2. As a consequence of Theorem 2.7 the process SNM is in particular
‘regular’; in the sense that it makes only finitely many transitions in any finite
time interval [0,T] almost surely.

Proof of Theorem 2.7 First we find a lower bound for the probability
that the epidemic dies out in an arbitrary, single time-interval of length 1, given

it has not died out yet. The probability that a given person dies in the next
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time interval and the new-born does not have any infectious contacts at all in
this interval is at least (1 —e~%)e™ > 0. The probability that this happens to
all M individuals in the same time-interval is at least [(1 —e~%)e=*]™. So the
probability that the infection dies out in the next time-interval (given it has
not died out before) is at least pys := [(1 — e ")e~*|™. There are other ways
that it can die out too, but we already have enough.

Let B,, be the event that the epidemic dies out in the time-interval [0, n+1)
for n > 0. Let us define the set A := {lim;_,c x(t) = eg} = U;>0B;. We have
B; C B;y1. Let us look at P[BS]. We have to prove that P[BS] converges to 0
as n — oo to show the first part of Theorem 2.7. We have

PIB] = P[B;|Bn1]P[Bn] + P[B;| B, JP[B; ]
= P[By| B, ]P[B; 1] < (1 — pa)P[B;, -

"™ — 0 as n — oo, completing the first part

As a consequence, P[BS] < (1 —pum)
of the proof.
We then immediately have an upper bound for the expected time until the

epidemic dies out:
E[T5" <14 ) PB<1+e™
n>0

where r := XA — log(1 — e™*), completing the proof.

Let us define Ry := M/ (1 + &), Ry := (Aelog8)/(uf%) and Ry := \/k.

Looking at Theorem 2.7 we see that the epidemic finally dies out almost
surely in SNM no matter what values the parameters take. But the behaviour of
SNM in finite time (and with M large) is quite different depending on whether
R;, 1 € {0,1,2} is greater or smaller than one. This is made more precise in

Theorem 2.8 Fizy € N§°, such that0 <Y := 2121 y; < 00, and suppose

that for each M >'Y we have ng)(O) =y;/M for all j > 1. Then in model
SNM we have the following threshold behaviour:
Case 1): log0 < (1 +x/p)~t. Then

lim lim P[Y 2" (t) = 0] =1 if and only if Ry < 1.
t—o0 M —o0 =1 J

Case 2): (1+r/u)~! <logh < u/k. Then

lim lim]P’ mM) —O =1 if and only if Ry < 1.
t—oo0 M —o0 j>1
Case 3): logl > pu/k. Then
tlim N}im lP’ z; M) = O =1 if and only if Ry < 1.
— 00 j>1
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Explanation The initial number of infected individuals stays constant and
equal to Y; as M tends to oo, only the initial number of uninfected individuals
Mz =M -Y

0 = grows.

Remarks 1) The deterministic analogue of Theorem 2.8 is Theorem 4.24.

2) We let M tend to oo first (with ¢ fixed). In the linear models the contact
rate A stays the same no matter how many individuals are infected. But in
the non-linear model this contact rate is altered by multiplying it with the
proportion of uninfected /\xéM). As we increase M, we only increase the initial
number of uninfected individuals. The initial proportion of uninfected tends
to 1 as M tends to infinity. So we almost have a linear model (at least in the
initial phase). So it is not too surprising, that we have analogous results to
those in Theorem 2.10. Note that it is vital to let M converge to infinity first
and then we let ¢ converge to infinity. Otherwise these probabilities were 0 in
all cases because of Theorem 2.7.

Proof of Theorem 2.8 The proof of this theorem is almost exactly the
same as that of Theorem 2.3. The difficult part lies in the infection process
(which is the same in both SN and SNM) and the possibility of humans to
die (in SNM) does not add any mathematical problems. We use Theorem 2.10
instead of Theorem 2.5 and here again, we do not use Theorem 2.8 to prove
Theorem 2.10.

O

Remarks on the basic reproduction ratios III Let us have a first look
at the basic reproduction ratios R;: R := A/ (u + k), Ry := (Aelog8)/(ub»)
and Ry := A/k. Again, as in SN, Ry denotes the average number of offspring of
a single parasite during his whole lifetime in the absence of density dependent
constraints (the average lifetime is now (u + k)1, since a worm dies too if the
person he lives in dies). We do not have an obvious interpretation for R;. Ro
is the average number of people an infected person infects during his whole
lifetime in the absence of density dependent constraints. For Ry > 1, Ry !
denotes the probability that a pure birth and death process with contact rate
A and death rate x dies out, beginning with one initial infected. As has been
seen, Ry becomes critical when 6 is ‘large’. It seems that then the bulk of
infected hosts die before they recover because they are infected with very large
numbers of parasites. Therefore, in that case, if we are only interested whether
the infection dies out or not, we almost have the same behaviour as in a pure
birth and death process.

2.4 The stochastic linear model with mortality of humans
SLM
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In this section the model SLM (stochastic, linear, including mortality of
humans) is analysed. We first want to be sure that the process SLM is ‘regular’,
in the sence that it makes only finitely many transitions in any finite time
interval [0,T], almost surely. This is shown in the following

Lemma 2.9 The process X that evolves according to SLM is regular.

Proof of Lemma 2.9 If there are infinitely many transitions in a finite
time interval [0,T], there must be infinitely many infections too in [0,T]. But
this is impossible as can be seen by comparison with a pure birth process of
rate A.

O

The next result is the analogue of Theorem 2.5 when mortality of humans is
included. The threshold behaviour in model SLM is as follows:

Theorem 2.10 We assume that 0 < .-, X;(0) < co. Then the following
results hold:

Case 1): log0 < (1+r/u)~t. Then P[lim;_, >i>1X;(t) =0]=1if and
only if Ry < 1.

Case 2): (1+r/u)~t <logh < pu/k. Then P[lim;_, 21 X)) =0]=1
if and only if Ry < 1. a

Case 3): p/k <logf. Then Pllim;_.cc 355, X;(t) = 0] =1 if and only if
Ry < 1.

In addition, the expected number of parasites in SLM grows with an expo-
nential rate (A0 — p — K):

E[Y X (0] = (D X;(0))e . (2.6)

j=21 Jjz1

Remark The deterministic analogue of Theorem 2.10, cases 1), 2) and 3)
is Remark 4 following Theorem 4.18, that of equation (2.6) is equation (4.15).

For the proof of Theorem 2.10 we first need three technical lemmas (Lem-
mas 2.11, 2.12 and 2.13).

Lemma 2.11 Recall the definitions of the basic reproduction ratios R; as
follows: Ry := \N0/(1n+ k), Ry := Aelog@/(u6"/*) and Ry := \/r. Then

a) Iflog < (1+k/u)~t and Ry > 1, or if Ry > 1, then Ry > 1.

b) Iflogf < (1 + x/p)~t and Ry > 1; or if Ry > 1; or if u/k < log® and
Ry > 1, then inf gcaq<1) A0 /(pa + k) > 1.
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Proof of Lemma 2.11 a) This follows from part b) because

A AQ¢ . A0¢
Ry =— = > inf .
K pa+k |,y (0<a<l) pa+ K

We do not use part a) to prove part b).
b) In the first region we have logf < (1 + x/p)~! and N > pu + k. We
want to show that for o € (0,1] we have A0* > po + k. We have

A% = N1 > (i + k)OO !

and therefore it is enough to show that (u + k)% 1 > pa + k. We define
a:=1+4k/pand b:=1—a > 0 and then all we have to show is that ad= > a—b
if § < es. We have finished this proof if we can show that a > (a — b)eg. But
this is obvious since dividing by a on both sides and choosing x := b/a we need
(1 —z) < e~® which is true. In the second case we have Aelog > ufi. We
want to show that for o € (0,1] we have A0* > pa + k. We have

o porte
AGE > elog6

and therefore we only have to show that

N95+a
elog® = pat s

We define a := a + x/p and then all we have to show is that 6% > aelog6.
We define b := alogf and so we need to show that e® > eb which is true for
all b. In the third region we have logf > u/x and A > k. We want to show
that for a € (0,1] we have \0* > po + k. We have \0* > k0 and therefore
we only have to show that 6% > (u/k)a + 1. If we define a := a(u/k) and use
log 6 > p/k we only have to show that e* > a + 1 which is true.

d
For the following lemma we define
) 1
1
j) = ———— 2.7
00) = 15 2.7)
and
1 if j <K
2
W= w(l s > e

where 0 < a, < 1/6 and a, is made smaller if necessary later on; in what
follows, ¢ is always smaller than 1 and K > eed, even if we do not mention it
every time.
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Lemma 2.12 «(j) and g have the following properties:
a) a(x)log(z) increases with x.

b) a(x) decreases with x.

¢) go(x) decreases with x.

d) Forz > K,
0< —d/(z) < S
z log x loglog K
e) Forc,x > 1,
1 > golen—a@) > 1 _ 2(c—1) .
loglog K

f) There exists a constant k > 2 such that
(@) < ko2,
uniformly inxz >0, 0 <1 and K > e,

Proof of Lemma 2.12 a)-d) These proofs are simple though partly te-
dious and only need elementary calculus.

e) In view of b) the first inequality is clear. For the second part we need
d) and remember that for x < K we have o’/(z) = 0. Then we can argue as
follows:

e =@ — exp{(a(cx) — a(z))logz} > exp{ (M) 1oga:}
2(c—1)
~loglog K’
which ends the proof.
f) If z < K, then a(z) = 1 and so we have

0
! [
92(7) =~ 5ay2
and 52
2
" -
So we need to prove that
26>
< kéx!
(14 6z)3 — o
as a(xz) =1 for x < K. This is equivalent to finding a k such that
20x
k> ———.
~ (14 dz)3
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As is easily seen, choosing k = 2.1 already satisfies this equation uniformly
inz>0,0<1and K > ¢’ So we need to examine the second derivative of
g2 for x > K and show that the left and the right limit of g9, g5 and ¢4 coincide
at x = K.

For x > K, we first calculate the derivatives of go and «:

) — ox®
92() (

a /
4oz |z ¥ 1087

where we used a := a(z). Define A := (62%)/(1 + 62*)? and B := [(a/z) +
o/ logz]. Then the second derivative of g, is g5 = —[BA’ + AB’], that is

neN §x%(1 + 62%)%B — 26%22*(1 + 6z*)B
g5 (x) = {B{ (14 0x)4

Fon /
+A{am2a+a”logzx+a]}
x x

We can write this in a slightly different way:

g5 () =

oz 20z B2 o«
_ B2 —a"l _9= et

(1+ dz>)? [(1—1—51"0‘) @ e x + xQ}

We must show that g4 (z) < kdz®~2. This is equivalent to show that

2008 By — aa?1 2z0’ +a < k(14062 (2.8
m—(m)—amogw—xa—l—aﬁ(—i—x). (2.8)
The second term (—(Bx)?) on the left side of (2.8) is negative and therefore
causes no problems. The last term («) is bounded by 1 and therefore does
not cause any problems either. Then, by Lemma 2.12 d), we know that 0 <
—ao/(2) < 2/(xlog zloglog K) which shows that the fourth term (—2za’) does
not cause any problems either. We therefore only have to show that there exists
a constant k such that

26 t2 B2
(1&:_75‘:%) — o2 logx < k(1 + 6z%)?
T

Using B? = ‘;‘—2 + 2% + (o’ log z)?, this leads to

254 +2 o +2M + (a1 2
222 (% 1+ 62%) (ol log)) —a"2*logw < k(1+462%)%  (29)
X
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Using Lemma 2.12 d) once again, we see that the first term of (2.9) is under
control too. So we only need to prove that there is a k > 2 such that

—o"x?logx < k(1 + 0z%)?

Now we must calculate the second derivative of «. For the first derivative we
have

o (z) = —2(1 04*)(1

The second derivative of « is

7 loglog K\ loglog K 1 1
loglogz / (loglogx)?logx =

(loglog K)? 1 1

(loglog x)* (log x)? 22

2(1 — ) {— log log K (loglogK loglogK) 2loglog K
(loglog x)? log log = x?logz  (zlogz)?’ (xlogx)?(loglogx)

o’(z) = —2(1 — ay)

Only the first (negative) term of o is of interest for us as we need to find a
k > 2 such that
—oz?logx < k(1 + 62%)2.
But such a k exists obviously.
The reader can easily check that the left and the right limit of go, g4 and

g5 coincide at = K finishing the proof.
O

Lemma 2.13 o) Suppose S;, j > 1, has the distribution F; (see chapter 1),
that is S; = Zgzl Y; and the'Y; are independent and identically distributed with
mean 6 and variance o? : P[S; = k] = pji. Define g1(j) :== (1+d5)7%, j >0,
for 6 > 0. Then the following inequality holds:

5]9 60’2
_ D] > - '
1 E[g1(5y)]—1+5j9{1 9(1+6j9)}

b) For j0 < K, k as in Lemma 2.12 f) and § < k/(2K) we have

656 k202
- N - .
1 —Elg2(55)] = 1+6j9{1 0K }

¢) For 6(j0)*U% < 1, k as in Lemma 2.12 f) and s(k) a constant such
that s(k)k > 8 and (1 — \/2/s(k)k)2 > 3/s(k) we have

- Blga(sy) = 0 {1_k8(k)02}'

= 1+0(j0)°G0 62
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d) Suppose § is chosen so small that, if j satisfies §(j0)*U? > 1, then
a(j) < 2a. < 1/3 must be satisfied too (see the definition of a(j) for a definition
of o, ). Then, for j such that §(j0)*U%) > 1 is satisfied we have

o0 *(3) L
1 —E[ga(55)] > W{l —0(j 2/3)}.

Remark Lemma 2.13 allows us in four situations to replace E[g(S;)] by
g(j0) with only small impact.

Proof of Lemma 2.13 a) We have to prove that

539 (50’2
_ A > - :
1 —E[g1(S;)] > 1+5j9{1 9(1+5j9)}

For any x,y > 0,

11 dy—x) P(y—a)?
L+dx 146y (1+2)2  (1+62)2(1+6y)
oy —z) &(y—a)?

>
T (146x)2 (14 d2)?,
so that
1 1 1 ox Sy—z) 6% (y—2)?
1- =1- - > - .
91y 1+53U+1—|—5a: 1+5y*(1+5x)+(1+5x)2 (14 6x)?

Hence, taking y = S; and x = j0, it follows that

546 52jo>
1 - E[gi(S;)] -
S = 7556 ~ T sj6p

XL - S0
146560 0(1+4d50) (-

b) Take any X € (0, K), and consider the parabola

y(z) = (1= 92(X)) ~ (&~ X)gh(X) — 5~ X)?hO/ K,

for k as in Lemma 2.12 f). We show that y(z) < 1—ga(z) for all x, independently
of the choice of X. It is immediate that 1 — go(x) > 0 for all . Then, as the
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leading term of the parabola has a negative sign, we can argue as follows: First,
the smaller root of y(z) = 0 is at least as large as

o RO-ex)

Xoi=X WK

So, for all < X5 we have y(z) < 1 — go(z) because there y(z) < 0. Second,
y(X) =1—-g2(X) and y'(X) = —g5(X). We thus have to check that y"(z) <
—g5(x) for all x > X5 and we are finished.

For # < K we have g§(z) < 26%(1 + éx)~3 < 262. Now since § < k/(2K)
we therefore have sup,_j g5 (¢) < k6/K. By Lemma 2.12 f) we also have
sup,sx 94 (x) < ké/K, and so —g5(x) > —kd/K = y"(z) for all > 0. Hence

1= 2(a) > (1 - 92(X) — (2 — X)gh(X) — L (& — X)*ko/ K

for all z and X. Now choose = S; and X = j0, giving

) 1., 076 k202
1= Elg2(55)] = (1 = 92(j0)) — 5jo"k/K = T4 0) 9{1 K[

because j6 < K and § < k/(2K), which ends the proof of b).

¢) and d) For results c¢) and d) we need some preparation just as in b):
Take any X > 0, and consider the parabola

1

2(x) = (1= g2(X)) = (x = X)gh(X) — 5

5= X)2s(k)k6 X(X)—2

for s(k) a constant yet to be determined and k as in Lemma 2.12 f). We show
that z(x) < 1 — go(x) for all z, if s(k) is chosen large enough, independently
of the choice of X. It is immediate that 1 — go(z) > 0 for all x. Then, as

the leading term of the parabola has a negative sign, we can argue as follows:
First, the smaller root of z(x) = 0 is at least as large as

o 2(1 - g2(X)) 2X2 2
X=X = s(k)ks X *(X)~2 =X Y (k)k)'

So, for all z < X; we have z(x) < 1 — ga(z) because there z(z) < 0. Second,
2(X)=1-—go(X) and 2/(X) = —gQ(X) We thus have to check that 2" (z) <
—g4 (z) for all z > X; and we are finished. By Lemma 2.12 ) we have ¢4 (z) <

145(5)(?()(1)72 for all x > X; and so

2 (2) = —s(k)k6 X072 < s xOIT2 < gy
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if we can show that
s X2 < g(k) ks X2, (2.10)

So we need to prove (2.10). Pick any s := s(k) such that sk > 8: then
X1 > X/2, and hence, from Lemma 2.12 b) and e),

1> xeX)-a(X) 5 yoX)—ax/2) w2 1
- - - loglog K = 3’

uniformly in X > 0, provided that K > e¢". Then, for (2.10) to hold, it is

enough that
2\ s
1—4/— <=
< sk) -3

as can be arranged by picking s = s(k) larger if necessary. For this choice of s,
1
L=ga(w) =2 (1 = g2(X)) = (& = X)ga(X) — S (z — X)?s(k)ks X072, (2.11)
whatever the value of x and X.

After this preparation we can proceed to ¢), and d):
¢) Now take X = j0 and z = S, in (2.11). This yields

1—92(S;) = (1 = g2(j8)) — (S; — j0)g5(50) — %(Sj — j60)%s(k)ko(j6)*U 2,
and hence
1= Elg>(5))] = (1 = 92(30)) ~ %jogs%)ké(ie)a(j”‘? (2.12)

For 6(j0)*0U% < 1 we have

(1—g2(59)) — %jg%(}g)k(s@g)a(jé))—z S 5(j6)>0? {1 _ ks(k)o? }

T 1+6(50)209) 62j
and therefore c) follows from (2.12).

d) In the situation of d), using Lemma 2.12 e), we have

. i9)(59)

and therefore d) follows from (2.12).
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Proof of Theorem 2.10 In part A) we prove extinction in all three cases
(1) to 3)) if the relevant R; < 1. In part B) we prove that there is a positive
probability that the epidemic develops in all three cases (1) to 3)) if the relevant
R; > 1. In part C) we prove the fourth result.

A) Let us define Mg(t) := 3,5, 7P X;(t). Further we define

cp(X) =Y juXi{(G =1 =52+ 2D Xippk® — k> i°X;,

i>1 k>15>1 i>1
and .
Wi(t) 1= M) = 245(0) = | (X))
In Corollary A8 of the Appendix we prove that for each 0 < 5 < 1, Wg(t) is
an Z;-martingale where Z, := 0{X (u),0 < u < s}.

In the first part of A) we assume that Ry < 1. For § = 1 (we suppress the
“1” in the next few steps) we can argue as follows (W (0) = 0):

M(t) = W(t) + M(0) + /O (X (). (2.13)
Because W is a martingale, we therefore have for 0 < s < &
BLM()IT] = W) + M(0) + B | e (u)ulT),
and so finally by using again the definition of W (s):
B{M(0)IZ.] = M(s) + B | (X ()l (2.14)
But (X (1)) = (M — i — #) M (u), and so we can derive
BM()/Z) = () + | (N~ 1 R)E[M () .

So E[M(t)|Zs] < M(s) for 0 < s < t if Ry < 1 which means that M is a
nonnegative supermartingale.

Now we observe that each X € N°°\ {0} is transient. The communication
structure of a Markov process divides the set of states into equivalence-classes.
If a class is not closed, it is automatically transient. Here the set N>\ {0}
is an equivalence-class and is not closed (one can leave it by going to {0},
which is a separate absorbing class), and so each X € N*°\{0}* is transient.
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But for each K the set {X € N*\{0}>[3 5, jX; < K} is finite and
transient, and hence is only visited finitely often a.s.. Hence it follows that
limy oo 3055 5 X;(t) = limy—oo M (¢) is almost surely either 0 or oo.

Now, by the nonnegative (super)-martingale convergence theorem (see Re-
vuz and Yor (1991), Corollary 2.11, § 2, Chapter II for example), we can con-
clude that M converges almost surely towards an a.s finite random variable
which therefore must be 0, implying P[lim;_, ijl X;t)=0=1if Ry <1
no matter what value 6 has. This finishes the first direction (Ry < 1) of the
proof of 1) and those situations of 2) and 3) where Ry < 1.

In the second part of A) we can therefore assume that Ry > 1. We start
with equation (2.14). Now [ becomes vital for the proof and the reader can
easily check that for any 5 € (0, 1] the calculations run through until equation
(2.14). So we have

E[Ms(1)|Z.] = My (s) + E| / ¢5(X () du|Z,).

Now we prove that for each 8 € (0,1] we have c5(X) < (AP — Bu — k) Mjp.
This goes as follows:
The function f(y) := y? is concave if 3 € [0, 1]. So for yi,y> we have

Fy1) < fy2) + f'(y2) (1 — y2).-
If we choose y1 = j — 1, y2 = j we therefore get
{G-1D7 ="y <-55""",

and so we can derive

S XG0~ < w8 < B Y X,

j=1 j=z1 jz1

Using Jensen’s inequality for concave functions we have Zl>0pﬂlﬁ < (50)8.

So
MDD Xpal? =AY X; Y pal® <M07Y 50X,

1>1j>1 =1 1>1 j<1

and so looking at the definition of cg we can conclude

cp(X) = juX;i{(—1°" %}

jz1
A D Xpul® — k)X
1>1j>1 i>1
<N —Bu—r)Y "X

Jj=1
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We are free to choose 8 € (0,1). We want to argue just as we did in the first part
of A) mutatis mutandis, for which it is enough to show that (A” — 3 —k) <0
under the constraints of the theorem in cases 2) and 3) for suitably chosen f.
Once accomplished, the proof of part A) is complete.

For case 2) we choose 8 = By := (1/log#)log(p/(Alog#)). Elementary
computations show that as Ry > 1, Ry < 1 and (1 + x/pu)~! < log < u/k,
we have 3y € (0,1) and \0”° — Bou — Kk < 0. So this ends the proof of the first
direction (R; < 1) of 2).

Case 3) is even simpler: p/k < log6 and therefore 6 > 1. Besides that we
have A < k. We have to find a 8 € (0,1) such that \0” — Bu — x < 0. But
this is clear (8 — 0 finally makes it). This ends the proof of the first direction
(R2 S 1) of 3)

B) This proof consists of three parts. In part one (B1l)) we derive the
general strategy; in B2) we treat the case where § < 1, and in B3) we treat the
remaining case (6 > 1).

B1) We think in terms of a discrete generation branching process with
types 7 = 1,2,3,.... At each generation, each individual dies, an individual
of type j being replaced either by one of type j — 1 (death of a parasite)
with probability ju/(A+ ju+ &) , or by one of type j and another of type k
(infection) with probability Ap;x/(A + ju + k), or not replaced at all (death of
an individual) with probability /(A + ju + ) and type 0 individuals are not
counted.

We first want to explain why it is justified to examine this discrete time
branching process with such a structure instead of our original process X. The
final aim is to show that the process X does not die out with probability one
in the cases where the relevant R;’s are greater than 1. We can easily see that
each of the two processes, X and the discrete branching process, eventually
becomes extinct whenever the other one does. Suppose X dies out at a time
to. Now as X is a regular process by Lemma 2.9, with probability one there
are only finitely many transitions in that process. So there can only be finitely
many transitions in the discrete branching process and therefore it dies out
too. On the other hand, we suppose the discrete branching process dies out by
generation n. Then process X must eventually die out too, except if there is
at least one individual that remains alive but makes no transitions. But this
means that an exponentially distributed random variable with a rate of at least
(A4 &+ 1) does not have a finite value with positive probability which is not
possible. So we may examine the discrete process we constructed above.

Without loss of generality, we begin with only one infected individual with
j parasites. This is justified because of the linearity of the process X; we show
that even so the probability of extinction is smaller than 1. Then, if

¢'™ (4) := P[ extinction by generation n | X (0) = ¢;],
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consideration of the first generation shows that ¢("*1) = T¢(™  where we have
(T£)(0)=1 and

(THG) =lin/ A +ip+ )G —1) + N A+ ju+ w)]f (EF(S))]
+ /A +ip+rR) 5 =1,

where S; has the distribution F; (see chapter 1), that is S; := S7_, Vi and
the Y; are independent and identically distributed with mean 6 and variance
0% : P[S; = k] = p;x. Clearly, ¢'?(0) = 1 and ¢(”(j) =0 for j > 1, and

™ () 1 q(j) := P[ eventual extinction | X (0) = ¢;].

We wish to show that ¢(j) < 1 for j > 1 under the conditions stated in the
theorem.

First observe that, if f > h in the sense that f(j) > h(j) for all j > 0,
then T f > T"h for all n > 1 also. Hence, if we can find any f such that
f>q® and Tf < f, it follows that f > ¢ also. If, in addition, f(j) < 1 for
all 7 > 1, the same must be true of ¢. The remainder of the proof consists of
finding a suitable function f.

But rather that looking for such an f directly, we look for a transformation
of f. The heuristic idea is as that, for j very large, the probability ¢(j) must
be approximately x/\. That is, if we start with only one infected individual
having a huge parasite burden, all infected individuals in the initial stages have
large parasite burdens, and the only way that they then lose infectiousness is
through death, since it takes much too long for the parasites to all die. Then
the initial stages are well described by a pure birth and death process with
birth rate A and death rate , for which the probability of extinction is k/A.
Lemma 2.11 a) guarantees us that this ratio is always smaller than 1 (in those
cases relevant to us in part B) of the proof). So we expect that

lim q(j) =

J—0o0

> =

For smaller values of j we expect values for ¢(j) which are larger, because there
are initially fewer parasites in the process, and for j = 0 we must even have
q(0) = 1. We look for an f which is almost 1 if j is small and then decreases
to the final limit x/A as j tends to infinity. So define

and look for a g such that g(0) =1 and g(j) for j > 1 decreases slowly to 0.
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What constraints must g satisfy in order that f should satisfy the con-
ditions we asked for above? Let T operate on f successively, and define
f) =T f:set £ = (1 —k/N)g"™ + k/A. Then ¢ = T"g, where

=~ Jh . K .
T = _1 -
9(4) /\HMJFHQ(J )+ AJFJ.MJFHQ(J)
K A—K
Ela(S. ——q())E[g(S; > 1.
+A+ju+n lg( ])]+/\+ju+ng(,7) [9(S)], j =

We must be sure that if we find a g such that for all j > 1 the three conditions
9(0)=1; g(j)<1; and Tg<g
are satisfied, then the corresponding conditions are true for f, where f(j) :

(1—=(x/N)g(j)+ (k/A). The first two conditions are clearly satisfied: f(0) =1
and f(j) < 1 for 7 > 1. The third condition is satisfied because

Tf=(1-r/NTg+r/A<(1—k/Ng+r/A=F

As a conclusion of part B1) of the proof we now see that we have to find a
(nonnegative) g such that for all j > 1 the following conditions

9(0)=1; g(j) <1; and fg <g
are satisfied. The third condition can be explicitly rewritten as follows:

Jn(g(G = 1) —g(h)) + r(1—g(j)) < (A —E[g(S)]) (k- g(i)k+ Ag(4)), (2.15)

and if we talk about a g satisfying condition (2.15), we mean that g satisfies
g(0) =1 and g(j) < 1 for j > 1 too.

The computations that follow in B2) and B3) are awkward because we
want to replace the expression E[g(S;)] in (2.15) by g(#7). This is justified up
to a small error, but we therefore have to keep the error under control.

B2) In this part of the proof we suppose that § < 1. We now have to
find a (nonnegative) g such that condition (2.15) is satisfied. We try g¢1(j) :=
(1+65)71, as defined in (2.7), for 6 > 0 to be chosen later. With this choice
of g and using Lemma 2.13 a) we see that (2.15) is satisfied if

1 0 do? )
N < 7 Q)1 __ "=
1+5(j1)+“—1+5j0{ 9(1+5j9)}(“5*7+A)
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is satisfied. This equation is equivalent to

-1
1400 [, do?
MG -1 6(1 + 040)

do2 -1
+ K (1+6j9){1 9(1+5j9)} 065 p < N0

As Rg > 1 we can define ¢ := A — p — k > 0. Then the above inequality is
equivalent to

—1
14450 do?
1% . 1- . — K
14+46(5—1) 6(1+046)

. 6o - .

which is in term equivalent to

(0 + 0% —60%) + j(0% — 0 + 025 + 66%) + j2(66° — 66?)
(0 — 002 — 30 + 0202) + (602 + 00 — 0202 — 6202) + ;26252
o2 + j6fo?
0+0j62 002 =

o

(2.16)
+ Kk

We now examine the first term of the left side of (2.16). As # < 1 we have
(66 — 66%) < 0 (third term in the numerator). Now we choose § < min((f —
62)/(6% +02),60/(c*+6)). With this choice, 6% — 6 + 025 + 662 (second term in
the numerator) is smaller than or equal to 0 and each term in the denominator
is positive for all j > 1. So the first term of the left side of (2.16) is smaller
than or equal to

0+ 0% — 60
0 — 602 — 60 + 6202
This term does not depend on j and so it is easily seen that § can be made so
small that the following inequality is satisfied

1o

0 + 02 — 502
0 — 602 — 60 + 6202

C
) < —.
" 2

Proceeding to the second part, choosing § < 6/202 we have

2 i5n 2 2 -
o° 4+ jébo < 257 (14 2546)

<
5507 — 502 = 01 1 2j00) =

c
2
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for all j > 1 if we choose 6 < cf/4ro?.
Combined, (2.16) is satisfied for all 7 > 1 which ends the proof of part
B2).

B3) In this part of the proof we suppose that ¢ > 1. Again, we have to
find a (nonnegative) g such that condition (2.15) is satisfied.

In this part we cannot choose the simple function g;(j) := (1 + §j)~ ! as
before, because (2.15) is not satisfied for all j no matter how we choose d.
Instead we define as in (2.7)

() =
92 j A 1 +6JQ(J)
for 6 > 0 to be chosen later and
1 if j < K;
2
a(j) = 1_(1_0[*)(1_1100gglﬁ)gg§<> lf]>K

where o, < 1/6 is made smaller if necessary later on. Besides that, in what
follows, ¢ is always smaller than 1 and K > ¢’ even if we do not mention it
every time.

We frequently force ¢ to be small, depending on some parameters such as
K. On the other hand we force K to be large, depending on various parameters.
The reader can easily check that we never force K to be large depending on
because this could lead to contradictions: in fact, we first choose an a, and
then construct o with a final K, then we choose a J (see B3.2)) and then choose
0 appropriately, although these steps are mixed together in the proof!

This construction of go with an «(j) as exponent in a term of the denom-
inator leads to a g with the same decay as g; as long as 7 < K and then the
decay is smaller. Heuristically spoken g is (in comparison to g;) somehow
“lifted” over a critical region until it finally decays to 0 at a much slower rate
than ¢g;. But the reader should be aware of the fact that for all 7 > 0 we
nevertheless have g2(j) < g2(j — 1), as shown in Lemma 2.12.

With this choice of g we see that (2.15) is satisfied if

920 =1 ] 4 500 < (1 — AV (800
u[ P~ 1}+ 350 < (1 — E[g(S,)]) (k077 + \) (2.17)

is satisfied. Again, if we talk about a g satisfying condition (2.17), we mean
that g satisfies g(0) =1 and g(j) < 1 for j > 1 too.

We introduce three regions for j and so B3) consists of 3 parts itself:
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B3.1) Here we presume that 1 < j < K/6. Then as § > 1 we are in a
region where g and g; are identical (a(j) = 1) and so we have

gz(jfl) 1

92(7) =0

)

using Lemma 2.13 b), it is enough to show that

0 k202 .
,u+/<;§1+6j9{1 e }(H5j+>\) (2.18)

for (2.17) to be satisfied. Until now, we need § < 6 := min(1, k/(2K)). In
all three regions we have Ry > 1 and so we can define ¢ :== A\ — yp — xk > 0.
(2.18) is then equivalent to

26255 Ao2k?
u5j9+'wK ) 4 UK <e. (2.19)

With the choices § < b2 := min(d; , ¢/(3Kp) , (cf)/(3kk?c?)) and K >
K; :=max((3k*0?\)/c, 663) equation (2.19) is satisfied which ends the proof
of B3.1).

B3.2) Here we presume that K/6 < j < J + 1, with J := J(K) such that
a(J) < 2a,. Elementary calculations show that

gﬁml) —1<0(Y = (= 1)?VUTY) <da(i - 1) - 1)WUTITL (2.20)

We choose § < 83 :=min(d, , (K.J§)~'). Then Lemma 2.13 c) can be applied.
As § < (K.J6)~! we can incorporate the denominator 1+ 8(56)*U9 of the right
side of Lemma 2.13 ¢) in the correction term (1 — O(K ~!)) which allows us to
rewrite this lemma in the following way:
1 —E[g(5))] = 6(j8)*V (1 — O(K ™).
Together with (2.20) we see that (2.17) is satisfied if
jpa(j = 1)( =100 4 k20 < (j0)* 00 (1 = O(K ™) (k857 + A)

is satisfied. The term x8j*U) on the right side is of order O(K ') and so we
skip it, we do not need it. We therefore have to show that

jpa(i —1)(j — DU 4 5500 < A9V (1 - O(KTY)  (2.21)
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is satisfied. If we can show that

MG -0 ) a6
Juali =1 = D0+ w0 = i) + s
21,

(1= O((loglog K)~ "))

(2.22)
then (2.21) is satisfied. The last inequality of (2.22) is surely true by Lemma
2.11 b) for all K large enough and so we can concentrate on the first inequality.

The first inequality is true if we can show that the following two inequalities
hold:

a(5)(j0)*9(1-0(K ™)) = 0*9 (1-0((loglog K) 1)) ja(j—1)(j—1)*U 1!
(2.23)
and

(1)U (1 — O(K ) > 60 (1 - O((loglog K) )20 (2.24)

Equation (2.23) is satisfied because the following three relations (2.25), (2.26)
and (2.27) hold. Because of Lemma 2.12 d), we have

— 1 (=) - al)) s .
2.25

2
>1—-— - - .
— a(j—1)(j—1)log(j —1)loglog K

a(j)
a(j—1)

Then, again by Lemma 2.12 d), we have

U020 = exp([e(j0) — a(j)]log 0)
2(0 1) (2.26)

> 1 i0) — a(i)]1 >1-logl————"—.
> 1+ [a(jf) — a(j)]logd > Og@jloglegIOgK

Finally, again by Lemma 2.12 d) we can derive
joz(je)—l ) i0)—ali—1)
T A
— exp(log(j — [a(j6) — a(j — 1))
> 1+log(j — D[e(50) —a(j —1)]
2(1+4(0 —1))
(—1)log(j — 1) loglog K~

Therefore (2.23) is satisfied. Furthermore, (2.26) and Lemma 2.12 ¢) show
immediately that (2.24) is satisfied, which finishes the proof of B3.2)

(2.27)

>1—log(j—1)

53



_ B3.3) Finally we presume that j > J + 1. By looking at the derivative of
) and using Lemma 2.12 b) we immediately gain

g92(4 — 1) 5 —1)°G=D (- 1)
TwG) S (1+6<j—1>a<j—1>> -1

For j > J + 1, we first have 6(j0)*U% < 1 and then we get into the area
where 6(j0)*0U% > 1. But the inequality of Lemma 2.13 d) is weaker than the
inequality of Lemma 2.13 ¢). So, after making ¢ even smaller if necessary, we
may use
8(j0)*V% -
1—Elg2(S; >7,{1—0 /3}
[92( ])} = 1_’_6(]9)“(]9) (.7 )

during the whole part of B3.3). Again, for the last time we want inequality
(2.17) to be satisfied. All we need to show is therefore that

- =DV NalG-1) .
”(1 ToG e ) G-

_ GO o2y g 0
,1+5(j9)a(j9){1 OG™2/*) } (r3j°D) + N).

(2.28)

We want to get rid of the denominators: Equation (2.28) is equivalent to the
following long expression:

in(i =DV Va(G — 1) + ju(j — DU Va(j - 1)U 0"
+ Iija(j)(j -1+ ,Qja(j)(;(j _ 1)a(j*1)+1 + Hjoé(j)+a(j9)5904(j9)(j —-1)
+ kjeF+el0)(j — 1)el=D+1529a(0)

< (1-0(2%) (Kja(j)-i-a(ﬁ)gga(j@)(j L) 4 (j — 1)j2U0 gatin)
+ ,ija(j)-ka(j@)(j _ 1)04(J’—1)+152g04(j9) +ja(j9)ga(j9))\(j _ 1)a(j—1)+15>.

This is equivalent to

gui — 1)U Va(j —1) 4 ju(j — 1)U Ya(j — 1)6;20 09
+ kD (G = 1) + kU §(5 — 1)*U-D+1

< (1-0(2%) <(j 1)) gatin) ) 4 jali0)gatio)y(j _ 1)a<j1>+15>

_ O(j*2/3)(Hja(j)+a(j9)59a(j9)(j —1)+ Hja(j)Jra(j@)(j _ 1)a(j1)+1529a((j9))_)
2.29
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This inequality is satisfied if the following two inequalities are satisfied:

jua(j — 1)2009°60 4 o) (j — 1)
< (1= 0(2/3)) (20000 N (j — 1)) (2.30)
_O(j72/3)ﬁja(j)+oz(j0)(j _ 1)5,9&0'9)’

(we have divided by §(j — 1)*U~Y) and

inG =10 Va( — 1) + w520 (G - 1)
< (1=0G™))(( —1)j*996°U0))  (2.31)
—0(j73) koD +el0) 590 (5 — 1),

The separation of inequality (2.29) is such that in inequality (2.30) we have all

Yo

terms with a j to the power of “1 plus two a’s” except in the last term where
we have “1 plus three o’s”; in inequality (2.31) we have all terms with a j to
the power of “1 plus one o except in the last term where we have “1 plus two

a’s”.

We first show that (2.30) is satisfied. We divide inequality (2.30) by j't*(),
Then it is enough to show that the following inequality is satisfied:
pa(j —1)0°09 4k
< (1 — O(j,2/3)) (ja(jf?)fa(j)ga(ﬁ))\(l — O(jq)))
,O(j*2/3),$ja(j9)59a(j9)'

We can apply Lemma 2.12 e) to the right hand side, showing that it is enough
to have

pa(j — 1)9“09) + K
< (1-0(7**)((1 = 0(1/loglog K))§UIA(L - O(;71)))
—0(j2/3) k00 590,

As aJ) < 2a, < 1/3, the last term tends to 0. On the other hand, we have
A > k. So, up to asymptotics in j, we only need to ensure that

pa(j —1)6°09 4k < AgaU?)

for 7 > J+ 1. As 6 > 1, we only have to make o, small enough; then the
inequality above is satisfied, and hence (2.30) is satisfied also.

We now have to show that (2.31) is satisfied too. But (2.31) is almost the same
as (2.30); it is enough to show that, for large j, we have

(j— 1)04(3’*1) < ja(ﬁ)ga(ﬁ).
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We have 4 ,
Um0 = exp(log jla(j — 1) — a(30)])
2logj(1+4(0—1
< exp(— 0gj(L+j(0—1)) )
(j — D log(j — 1) loglog K
which is near 1 for K large and is therefore finally smaller than #*(%) . This

shows that (2.31) is satisfied too. This ends the proof of B3.3) and therefore
the proof of part B).

C) We can use equation (2.13) (8 = 1) and take the expectation. We thus
get

As (X (u)) = (A0 — p — k)M (u) we have the integral equation

y(t) = M(0) + / (A — 1 — m)y(u)du

where y(t) = E[M(¢)]. But this immediately leads to (2.6) which finishes the
proof of Theorem 2.10.
O

Remarks on the basic reproduction ratios IV A first important
remark that has to be made looking at Theorem 2.10 is as follows: Depending
on the value of 6 it is possible that Ryg > 1 and R; < 1 or Ry < 1 respectively.
Let us assume we are in such a situation and log 6 > (14 /p)~!. This implies
that the epidemic dies out with probability one; but it means too that the
expected number of parasites tends to infinity. It is clear that in the stochastic
model the number of parasites goes to 0 too with probability 1.

Let us look at an analogous situation in model SNM. If the number of
individuals M is constant, the epidemic finally dies out with probability one
(Theorem 2.7). We could ask ourselves whether if Ry > 1, then the expected
number of parasites tends to infinity, that is E[} -, jach) (t)] = oo fort — c0?
Such a behaviour is suggested through Remark 5) of Theorem 4.25. This
question is open.

But instead, let us compare this result with the results of the deterministic
approach in chapter 4: in both systems, DNM and DLM, we have an analogous
behaviour (Remark 5 to Theorem 4.25 for DNM and for DLM it is equation
(4.15) and Remark 4 to Theorem 4.18). But in DNM and DLM it is the explicit
number of parasites (and not an expectation as in chapter 2) that tends to
infinity. This difference between the results of chapters 2 and 4 is due to the
fact that in the deterministic models the number of individuals can be any
nonnegative real number while in the stochastic models we only have natural
numbers.
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