
4 The deterministic approach
All four deterministic models are analysed in what follows. Results about thresholds, stationary

solutions, convergence and periodicity are presented and all results are compared with each other

and with the results of the corresponding stochastic approach. Additionally we look at a process

related to the deterministic model without mortality of humans where real time is replaced by

generation number.

To begin with we make some general remarks:

In this thesis we have usually first treated the non-linear models without
mortality of humans, then the linear models without mortality of humans, then
the non-linear models with mortality of humans and finally the linear models
with mortality of humans. In this chapter we first treat the two models without
mortality of humans (sections 4.1 and 4.2). Then we treat the process related
to the deterministic model without mortality of humans where real time is
replaced by generation number (section 4.3). Thereafter we treat the linear
model with mortality of humans (section 4.4) and the non-linear model with
mortality of humans (section 4.5). This change of concept is due to the proofs.
We use some results of the linear model in chapter 4.4 to prove results in the
non-linear model in chapter 4.5.

We repeat from chapter 2 that by the expression threshold behaviour we
usually denote general statements of the following type: If R0 > 1 the epidemic
develops in deterministic systems and if R0 < 1 the epidemic dies out. As we
have already seen in the stochastic approach, the situation is more complex in
our models. Therefore we have to develop the threshold conditions for each
model in every possible relevant combination of parameters. We want to point
out a difference between the linear and the non-linear models: in the linear
models the epidemic dies out when the relevant Ri < 1 while in the non-linear
case it may be sufficient that Ri ≤ 1 (see “4.6 Open questions” 4.6.1). Focusing
on the linear case and having the relevant Ri equal exactly 1 the epidemic even
tends to a stationary solution under certain parameter conditions.

We want to write down what we understand by the expression stationary
solution. Call ξ(t) a stationary solution of say DNM, if ξj(t) ≥ 0 for all
j ≥ 0,

∑
j≥0 ξj(t) = 1, and putting ξ = ξ in the right hand side of DNM gives

zero: the solution to DNM with ξ(0) = ξ is then ξ(t) = ξ for all t.
In the linear models we neglect the number of uninfected individuals. We

suppose that in comparison to the infected individuals there is an infinite reser-
voir of susceptibles. Therefore there is no Ξ0 in the linear models. Further,
in the linear models, every scalar multiple ηΞ, η > 0, of a stationary solution
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Ξ is a stationary solution too. It is also clear that in the non-linear models
e0 and in the linear models 0 are automatically stationary solutions. We call
these stationary solutions trivial in comparison to the nontrivial. We mention
these trivial solutions throughout, although they do not satisfy conditions C
(see chapter 1) in the linear cases, because conditions C ask for at least one
co-ordinate j ≥ 1 such that Ξj(0) > 0. According to the threshold conditions,
a necessary assumption for the existence of stationary solutions is that the rel-
evant (depending on what value θ takes) Ri = 1 in the linear cases and the
relevant Ri ≥ 1 in the non-linear cases.

As we see in what follows, we can only prove results about the general
behaviour of solutions. We do not know the explicit form of the solutions;
we do not even know the explicit form of the stationary solutions (except in
trivial cases). In reality we may assume that κ < µ, meaning that the death
rate of worms is larger than the death rate of their hosts. Assuming this we
know about the stationary solutions in all four models that for each j ≥ 1 the
following inequality must hold:

ξj+1 < ξj .

This result follows immediately from the differential equations as for example
in model DLM via

ξj =
(j + 1)µ
jµ+ κ

ξj+1 +
λ

jµ+ κ

∑

l≥1

ξlplj > ξj+1.

Besides the trivial solutions e0 and 0 respectively we know the explicit form of
the unique stationary solutions in the case where p10 + p11 = 1. Uniqueness is
shown in theorems to follow; but very easily the reader can verify the following
solutions, since θ = p11:

in case DN) ξ
(0)

0 = (R(0)
0 )−1, ξ

(0)

1 = 1 − (R(0)
0 )−1 and ξ

(0)

j = 0 for all j ≥ 2 if

R
(0)
0 > 1,

in case DL) Ξ
(0)

1 = K, where K > 0 and Ξ
(0)

j = 0 for all j ≥ 2 if R(0)
0 = 1,

in case DNM) ξ0 = R−1
0 , ξ1 = 1−R−1

0 and ξj = 0 for all j ≥ 2 if R0 > 1,

in case DLM) Ξ1 = K, where K > 0 and Ξj = 0 for all j ≥ 2 if R0 = 1.

We are not going to discuss various possible distances. All that must hold
for us to talk about convergence towards a stationary solution ξ is that
all components of the converging function y(t) must satisfy limt→∞ yi(t) = ξi
for all i ≥ 1 (convergence in R∞).
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Periodic solutions are not considered in previous publications. But we
can use results of Barbour, Heesterbeek and Luchsinger (1996) and the corre-
sponding results with mortality of humans to exclude periodic solutions in the
linear models (that is periodic solutions which are not stationary solutions). A
solution ξ is periodic if there exists a τ > 0 (the period) such that ξ(t+τ) = ξ(t)
for all t. All stationary solutions are periodic in this sense. If we talk about
periodic solutions in what follows, we always mean periodic solutions which are
not stationary solutions.

4.1 The deterministic non-linear model without mortality
of humans DN

Let ξ(0) be a solution of DN. In “Remarks on the basic reproduction ratios I”
(see section 2.1) we defined the following combinations of parameters: R(0)

0 :=
λθ/µ and R

(0)
1 := λe log θ/µ.

Intuitively it is clear, that if on average a parasite has less than one off-
spring under ideal conditions, that is if R(0)

0 < 1, then the epidemic must die
out. That is precisely the following result, which is valid for all θ.

Theorem 4.1 [Barbour and Kafetzaki (1993), Theorem 4.1] If
R

(0)
0 < 1 and if ξ(0)(0) = y is such that s1 :=

∑
j≥1 jyj is finite, then

limt→∞ ξ(0)(t) = e0 and
∑
j≥1 jξ

(0)
j (t) ≤ s1e

−(µ−λθ)t.

Remark Comparing this theorem with Theorem 4.2, we see that the first
statement about extinction is stated again in Theorem 4.2 in a more general
context. So it is mainly the upper bound on the average number of parasites per
individual that is relevant in this theorem. In the linear model DL (see equation
(4.7)) we see that in fact that upper bound is the exact number of parasites
at time t in DL. Note that in the non-linear models

∑
j≥1 jξj(t) denotes the

average number of parasites at time t per individual and not the total number
of parasites in the system, because ξ stands for proportions of people.

Now we proceed to the threshold results. The following theorem includes
one part of Theorem 4.1.

Theorem 4.2 Let ξ(0)(0) be the initial conditions in DN such that 0 <∑
j≥0 jξ

(0)
j (0) <∞. Then we have:

Case 1) θ ≤ e: Then limt→∞ ξ(0)(t) = e0 if R(0)
0 < 1, and if R(0)

0 > 1 then
ξ(0)(t) 6→ e0 as t→∞.

Case 2) θ > e: Then limt→∞ ξ(0)(t) = e0 if R(0)
1 < 1, and if R(0)

1 > 1 then
ξ(0)(t) 6→ e0 as t→∞.
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Remarks 1. By the expression ξ(0)(t) 6→ e0 we include the possibility
that the limit may not even exist in the theorem above and in what follows.

2. Theorem 4.2 is not contradictory to Theorem 4.1: There, in fact we did
make a statement which holds for all θ but just one-sided about extinction and
we anyway have the inequality R(0)

0 ≥ R(0)
1 for all θ > 0.

3. The stochastic analogue of Theorem 4.2 is Theorem 2.3 but the reader
should notice Theorem 2.2 too.

4. We do not know what happens if the relevant R(0)
i = 1 (see “4.6 Open

questions” 4.6.1.).

Proof of Theorem 4.2 If θ ≤ e and R(0)
0 < 1 we can apply Theorem 4.1.

The case θ > e and R
(0)
1 < 1 was proved in Barbour and Kafetzaki (1993) as

Theorem 4.6. So we only need to prove that in cases 1) and 2) the infection
does not die out if the relevant Ri is larger than 1.

The strategy of the proof is as follows: In the non-linear model DN the
contact rate λ is decreased to the effective contact rate λξ(0)

0 (t). If the disease
is near to extinction, ξ(0)

0 must be almost 1. So the non-linear process ξ(0) is
almost a linear process Ξ(0) behaving according to DL. But by Remark 1 of
Theorem 4.8 we know that the linear process Ξ(0) does not die out under the
conditions mentioned above (we do not use Theorem 4.2 to prove Theorem 4.8).
So we must show that there exists a linear process Ξ(0) such that Ξ(0)

j ≤ ξ
(0)
j

for j ≥ 1 at least until there is no danger for the process ξ(0) to die out.
We prove both cases (θ ≤ e & θ > e) in one. If we write “R(0)

i ”, we mean
R

(0)
0 if θ ≤ e and R

(0)
1 if θ > e. Let us define N(t) :=

∑
j≥1 ξ

(0)
j (t). The

expression ξ(0)(t) 6→ e0 means that there exists an ε > 0 such that if at some
time t1 we have N(t1) < ε, then there exists a t2 > t1 such that N(t2) ≥ ε.
Without loss of generality we choose t1 = 0 and ε such that (1 − ε)R(0)

i > 1.
We therefore have to show that there exists a T ∗ > 0 such that N(T ∗) ≥ ε.
Let us define λ′ := λ(1 − ε) and let Ξ(0) be a solution of DL with parameters
(λ′, θ, µ). We choose the initial values such that Ξ(0)

j (0) = ξ
(0)
j (0) for all j ≥ 1.

Then we define L(t) :=
∑
j≥1 Ξ(0)

j (t) and T := inf{t : L(t) ≥ ε}.
By Remark 1 of Theorem 4.8 we have T < ∞. Now if there exists a

v ∈ [0, T ] such that N(v) ≥ ε we can choose T ∗ := v and nothing remains to
be proved. Otherwise we have N(t) < ε for all t ∈ [0, T ]. If we can show that
for all t ∈ [0, T ] and j ≥ 1,

Ξ(0)
j (t) ≤ ξ(0)

j (t) (4.1)

we have finished the proof.
We have N(t) = 1−ξ(0)

0 (t) < ε for all t ∈ [0, T ]. So we have λ′ = λ(1−ε) <
λξ

(0)
0 for all t ∈ [0, T ]. Although intuitively we might expect that we therefore
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can easily prove (4.1) by just comparing the two systems DN and DL with
each other, such approaches seem difficult to carry through. We therefore look
at stochastic processes (x(M,0) and X(0)) where such a comparison is possible
through the coupling method. Then we use Theorems 3.1 and 3.3 to finish the
proof.

We now construct the two stochastic processes: the non-linear process
x(M,0) and the linear process X(0). We define the process x(M,0) as in chap-
ter 1, developing according to SN, where the initial values are to be suit-
ably chosen later and 1/M � ε. For this we define a trivariate Markov
process (x(M,0)(t), X(0)(t), x(r)(t)). “r” stands for residual. In fact, each of
the components in (x(M,0)(t), X(0)(t), x(r)(t)) are themselves infinite dimen-
sional: The first component is an infinite vector (x(M,0)

j (t))j≥0 where the co-
ordinates take values in ZM−1∩[0, 1], the second component is an infinite vector
(X(0)

k (t))k≥1 where the co-ordinates take values on the natural numbers and
the third component is an infinite vector (x(r)

j (t))j≥0 where the co-ordinates
take values in ZM−1 ∩ [0, 1]. We choose the initial values to be such that
x

(M,0)
0 (0) = x

(r)
0 (0), x(M,0)

j (0) = M−1X
(0)
j (0) for j ≥ 1 and x

(r)
k (0) = 0 for

k ≥ 1.

We want the trivariate Markov process to satisfy the following require-
ments R.

Our aim is to construct x(M,0) and x(r) such that x(M,0)
j = M−1X

(0)
j +x(r)

j

almost surely for j ≥ 1 at least in the beginning (as long as x(M,0)
0 > 1−ε). Then

we have x(M,0)
j (t) ≥ M−1X

(0)
j (t) for j ≥ 1 too in the beginning. Additionally

we want x(M,0) to behave according to SN and X(0) to behave according to SL.

We begin with x
(M,0)
0 > 1 − ε. Until x(M,0)

0 ≤ 1 − ε for the first time, we
let these processes develop according to the following rates:
(
x(M,0), X(0), x(r)

)→ (
x(M,0) +M−1(ej−1 − ej), X(0) + ej−1 − ej , x(r)

)

at rate jµX(0)
j ; j ≥ 2, (death of a parasite in the linear process)

(
x(M,0), X(0), x(r)

)→ (
x(M,0) +M−1(e0 − e1), X(0) − e1, x

(r) +M−1e0

)

at rate µX(0)
1 , (death of a parasite in an individual with only one parasite in

the linear process)
(
x(M,0), X(0), x(r)

)→ (
x(M,0) +M−1(ej−1 − ej), X(0), x(r) +M−1(ej−1 − ej)

)

at rate jµMx
(r)
j ; j ≥ 1, (death of a parasite in the residual process)
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(
x(M,0), X(0), x(r)

)→ (
x(M,0) +M−1(ek − e0), X(0) + ek, x

(r) −M−1e0

)

at rate λ′
∑
u≥1X

(0)
u puk ; k ≥ 1, (infection in the linear process)

(
x(M,0), X(0), x(r)

)→ (
x(M,0) +M−1(ek − e0), X(0), x(r) +M−1(ek − e0)

)

at rate λx(M,0)
0 M

∑
l≥1 x

(r)
l plk + (λx(M,0)

0 − λ′)∑l≥1X
(0)
l plk, (infection in the

residual process due to infective force of the residual process itself (first part of
the rate) and due to residual rate (difference between the linear and non-linear
contact rate, second part of the rate)). Note that x(M,0)

0 (t) = x
(r)
0 (t) until

x
(M,0)
0 ≤ 1− ε for the first time.

As soon as x(M,0)
0 (t) ≤ 1 − ε for the first time, we let the linear process

X(0) develop according to SL and independently of x(M,0).
The reader should notice that we have to distinguish carefully between

the processes x(M,0) and x(r) on the one side and X(0) on the other side. The
non-linear process and the residual process denote proportions of individuals
while X(0) denotes the explicit number. This has to be considered while dealing
with rates.

The reader can check that with our construction of the trivariate Markov
process we meet all requirements R.

We show (4.1) through contradiction: Suppose there is a u ∈ [0, T ] and a
J ∈ N \ {0} such that

Ξ(0)
J (u) > ξ

(0)
J (u). (4.2)

N = 1 − ξ(0)
0 and so N is a continuous function. Therefore there exists

q := sup{N(t) : t ∈ [0, T ]} < ε.
Now let us define AM := {ω : sup0≤s≤T |x(M,0)

0 (s)(ω) − ξ(0)
0 (s)| ≤ ε − q}.

As by definition q = sup{(1 − ξ
(0)
0 (t)) : t ∈ [0, T ]}, we have AM ⊆ {ω :

x
(M,0)
0 (t)(ω) > (1−ε) for all t ∈ [0, T ]}. We now choose the initial values yM of
x(M,0) such that yM → ξ(0)(0) and

∑
j≥1 jy

M
j →

∑
j≥1 jξ

(0)
j (0). By Theorem

3.2, P[AM ] converges to 1. We now define

BM (u) := x
(M,0)
J (u)IAM , CM (u) :=

1
M
X

(0)
J (u)IAM .

As AM ⊆ {ω : x(M,0)
0 (t)(ω) > (1−ε), for all t ∈ [0, T ]} we have by construction

of the coupling BM (u) ≥ CM (u). But as M tends to∞, IAM converges weakly
to 1, x(M,0)

J (u) converges weakly to ξ(0)
J (u) by Theorem 3.1 and (1/M)X(0)

J (u)
converges weakly to Ξ(0)

J (u) by Theorem 3.3. But this is contradictory to (4.2)
which finishes the proof.

�
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Now we want to look at the average number of parasites at time t per
individual. In comparison to the linear cases (see Remark 1 to Theorem 4.3), we
do not have an explicit expression. But there are nevertheless some important
remarks that can be made.

Theorem 4.3 If K :=
∑
j≥1 jξ

(0)
j (0) < ∞, then the average number of

parasites per individual develops according to the following rule:
∑

j≥1

jξ
(0)
j (t) = K exp

{
(λθ − µ)t− λθ

∫ t

0

∑

j≥1

ξ
(0)
j (u)du

}
.

Remarks Some remarks about Theorem 4.3 follow after Theorem 4.25.

Proof of Theorem 4.3 The proof of Theorem 4.3 follows after the proof
of Theorem 4.25.

�

Let us now look at stationary solutions of DN. Call ξ
(0)

(t) a stationary
solution of DN, if for all j ≥ 0 we have ξ

(0)

j (t) ≥ 0 and
∑
j≥0 ξ

(0)

j (t) = 1, and

putting ξ(0) = ξ
(0)

in the right hand side of DN gives zero: the solution to DN
with ξ(0)(0) = ξ

(0)
is then ξ(0)(t) = ξ

(0)
for all t.

Then, the results about stationary solutions are summarised in Theorems
4.4 and 4.5:

Theorem 4.4 [Barbour and Kafetzaki (1993), Theorems 4.2 and

4.6] a) In DN we always have the trivial stationary solution ξ
(0)

= e0 no matter
which values the parameters take.

b) There is no nontrivial stationary solution of DN with finite average
number of parasites per individual if θ ≥ e.

c) Suppose that θ < e and R(0)
0 > 1. Then there exists a unique, nontrivial

stationary solution of DN with finite average number of parasites per individual,
though there may be other stationary solutions ξ

(0∗)
for which

∑
j≥1 jξ

(0∗)
j =∞.

For the stationary solution ξ
(0)

we furthermore have ξ
(0)

0 = 1/R(0)
0 .

d) Assuming the conditions of c) and as long as R(0)
0 remains greater than

1, the ratios ξ
(0)

j /(1− ξ(0)

0 ), j ≥ 1, do not depend on λ or µ.

Remarks 1. We do not know anything about stationary solutions with
infinite average number of parasites per individual (see “4.6 Open questions”
4.6.3).

2. We do not know whether in the situation of Theorem 4.4 c) a solution
ξ(0)(t) converges towards ξ

(0)
(see “4.6 Open questions” 4.6.2).
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The next result is an important conclusion of Barbour and Kafetzaki
(1993). It gives an idea of the possible dispersion in model DN. This result
is discussed in chapter 5. It has an easily derived analogue in DL (Theorem
4.12 d)), but up until now it was not possible to expand these results to models
DLM and DNM.

Theorem 4.5 [Barbour and Kafetzaki (1993), Theorem 4.4] Sup-
pose that R(0)

0 > 1 and that θ < e, and let ξ
(0)

be a stationary solution of DN
with finite average number of parasites per individual. Then, for any α > 1 the
following statements hold:

If θ ≥ α1/(α−1), then
∑
j≥1 j

αξ
(0)

j =∞;

If θ < α1/(α−1) and
∑
j≥1 j

αp1j <∞, then
∑
j≥1 j

αξ
(0)

j <∞.

In the following corollary we add two results which help us to interpret
the results in Theorem 4.5.

Corollary 4.6 Suppose that R(0)
0 > 1 and that θ < e, and let ξ

(0)
be a

stationary solution of DN with finite average number of parasites per individual.
For α > 1 and

∑
j≥1 j

αp1j <∞, fix θ and define α∗ such that θ = α∗
1

α∗−1 and

f(α) :=
∑
j≥1 j

αξ
(0)

j . Then for θ fixed we have

a) f(α) is continuous and increasing in α ∈ (1, α∗).

b)
lim
α↗α∗

f(α) = f(α∗) =∞.

Proof of Corollary 4.6 a) That f is increasing in α ∈ (1, α∗) is clear. f
is continuous in α ∈ (1, α∗) because of monotone convergence.

b) This follows again through monotone convergence.
�

The only result we found about convergence towards a nontrivial stationary
solution of DN is

Theorem 4.7 [Barbour and Kafetzaki (1993), Theorem 4.6] Let
θ ≥ e and ξ

(0)
be a nontrivial stationary solution of DN. For a solution ξ(0)

of DN with initial conditions ξ(0)(0) = y where
∑
j≥1 jyj < ∞ we have the

following behaviour: If R(0)
1 > 1, then limt→∞ ξ(0)(t) = ξ

(0)
is only possible if

ξ
(0)

0 ≥ 1/R(0)
1
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We have to add one remark about the border of the two regions of θ: If
θ = e, then we have R(0)

0 = R
(0)
1 . So in Theorem 4.2 it does not matter whether

we include the case θ = e in case 1) or 2). But comparing Theorem 4.4 b) and
c) we see that for θ = e we have no nontrivial stationary solution of DN with
finite average number of parasites per individual.

4.2 The deterministic linear model without mortality of
humans DL

Let Ξ(0) be a solution to the system DL. In Theorem 4.8 we make a statement
about the asymptotic behaviour of the number of infected individuals in DL
and in Remark 1 following the theorem we derive the threshold result:

Theorem 4.8 [Barbour, Heesterbeek and Luchsinger (1996), The-
orem 2.6] Assume that

∑
j≥1 jΞ

(0)
j (0) <∞. Then the limit:

lim
t→∞

t−1 log
∑

j≥1

Ξ(0)
j (t) =: c∗(λ, µ, θ) =: c∗

exists, and is given by:

c∗ =





λθ − µ if R(0)
0 log θ ≤ 1

λθ

R
(0)
0 log θ

(1 + log(R(0)
0 log θ))− µ if 1 < R

(0)
0 log θ ≤ θ

λ if R(0)
0 log θ > θ.

Remarks 1. Simple calculations using Theorem 4.8 show that the follow-
ing result holds too: If θ ≤ e, then c∗ < 0 if and only if R(0)

0 < 1; if θ > e, then
c∗ < 0 if and only if (λe log θ)/µ < 1.

2. The stochastic analogue of Remark 1 is Theorem 2.5.

The proofs of some theorems to come are based on three main ideas:
First, the number of parasites in a stationary solution with finite number of
parasites is constant. Second, the non-linear and the linear system can be
compared and simple results about the number of non infected can be found.
Additionally stationary solutions can be transferred from the non-linear sys-
tems to the linear systems and vice versa as is shown below. Third, the
auxiliary Markov process in continuous time Y (t) (see below) can be used.
The classification into positive recurrence, null-recurrence and transience can
be used for stationary solutions, convergence towards stationary solutions and
periodic solutions.
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We first have to define the auxiliary Markov process Y (see Barbour,
Heesterbeek and Luchsinger (1996), chapter 2 for more detail). We first define
the infinite dimensional matrix R as follows:

Rij := iµ(δi−1,j − δij) + λpij , i, j ≥ 1, (4.3)

where δkl is the Kronecker delta. The equation Ξ̇(0) = Ξ(0)R is exactly our
system DL. Then we define the matrix S as follows:

Sij :=
j

i

(
Rij − (λθ − µ)δij

)
, i, j ≥ 1. (4.4)

This matrix has nonnegative off-diagonal elements and satisfies
∑

j≥1

Sij =
1
i

∑

j≥1

jRij − (λθ − µ) = 0

for all i ≥ 1, and is thus a “Q-matrix” in the sense of Markov chain theory
(see Chung (1967), page 134). Furthermore, if y(t) is a nonnegative solution of
ẏ = yS with y(0) = y(0), then setting

Ξ(0)
j (t) = j−1yj(t)e(λθ−µ)t, t ≥ 0, j ≥ 1, (4.5)

yields a nonnegative solution to Ξ̇(0) = Ξ(0)R with Ξ(0)
j (0) = j−1y

(0)
j , since

Ξ̇(0) = j−1
(
ẏj + (λθ − µ)yj

)
e(λθ−µ)t

= j−1

[∑

i≥1

yiSij + (λθ − µ)yj

]
e(λθ−µ)t

= j−1
∑

i≥1

i−1yijRije
(λθ−µ)t =

∑

i≥1

xiRij .

Similarly, starting with a nonnegative solution of Ξ̇(0) = Ξ(0)R, one obtains a
solution of ẏ = yS from (4.5). Thus the solutions of DL are simply related to
the solution of ẏ = yS, for a specific Q-matrix S. This enabled us to prove the
following theorem

Theorem 4.9 [Barbour, Heesterbeek and Luchsinger (1996), The-
orem 2.3] The equations Ξ̇(0) = Ξ(0)R (the system DL), with Ξ(0)(0) such
that 0 <

∑
j≥1 Ξ(0)

j (0) < ∞, have a unique nonnegative solution satisfying

sup0≤s≤t
∑
j≥1 Ξ(0)

j (s) <∞ for all t ≥ 0. The solution is given by

Ξ(0)
j (t) = j−1

(∑

l≥1

lΞ(0)
l (0)Pl

[
Y (t) = j

])
e(λθ−µ)t,

where Y is the unique pure jump Markov process with Q-matrix S and Pl de-
notes probability conditional on Y (0) = l.
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Remark In conditions C we even assume that
∑
j≥1 jΞ

(0)
j (0) <∞. Then

the solution can be even more simply expressed as

Ξ(0)
j (t) =

1
j

(
∑

l≥1

lΞ(0)
l (0))e(λθ−µ)tP0[Y (t) = j], (4.6)

for all j ≥ 1, where P0 denotes probability conditional on the initial distribution

P0[Y (0) = j] = jΞ(0)
j (0)/(

∑

l≥1

lΞ(0)
l (0))

for Y . Looking at (4.6), we see that therefore the number of parasites must
develop according to the following equation

∑

j≥1

jΞ(0)
j (t) =

(∑

l≥1

lΞ(0)
l (0)

)
e(λθ−µ)t. (4.7)

We see that the number of parasites grows exactly when R
(0)
0 is larger than 1

no matter what values θ takes.

Remark on the auxiliary Markov process Y emerged purely as an
analytical aid in (4.4). It also has a biological interpretation. Suppose, in an
infinite population setting, that qi := qi(t) denotes the proportion of parasites
at time t which are living in hosts who have exactly i parasites; thus qi =
iΞ(0)
i /

∑
j≥1 jΞ

(0)
j . Using (4.7) and the definition of the system DL, it follows

that
q̇i = iµqi+1 − [(i− 1)µ+ λθ]qi + λ

∑

l≥1

qll
−1ipli, (4.8)

so that the qi(t) solve the Kolmogorov forward differential equations for the
Markov process Y ; qi(t) = P[Y (t) = i], with P[Y (0) = i] assigned according to
the initial constitution of the population. Thus the distribution of Y (t) is that
of the number of parasites in a host which is selected at time t by choosing a
parasite uniformly at random and then fixing on its host.

We could derive equation (4.7) from (4.6) because we multiplied the j-
equation with j and added all equations for j ≥ 1. Then in equation (4.7) the
distribution of Y does not show up explicitly. But if one is interested in the
number of infected individuals, the distribution (the term “P0[Y (t) = j]”) still
shows up. For proving Theorem 4.8 the classification of the Markov process
Y into positive recurrence, null-recurrence and transience was therefore vital.
This classification was proved in Theorem 4.10 which is as follows:
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Theorem 4.10 [Barbour, Heesterbeek and Luchsinger (1996),
Theorem 2.5] The Markov process Y is irreducible if p10 + p11 < 1. As-
suming this, Y is positive recurrent if R(0)

0 log θ < 1, null recurrent if R(0)
0 log θ

= 1 and transient if R(0)
0 log θ > 1. If p10 + p11 = 1, Y is eventually absorbed

in state 1.

Using Theorem 4.10 we state Lemma 4.11 which enables us to simplify
many of the following proofs.

Lemma 4.11 Suppose that in DL we have R
(0)
0 = 1. The initial values

are such that 0 < K :=
∑
l≥1 lΞ

(0)
l (0) <∞. Then the following result holds:

Case (1): θ < e. Then there exists a unique infinite vector of positive real
numbers v (the stationary distribution of Y under P0) such that

∑
j≥1 vj = 1

and
lim
t→∞

Ξ(0)
j (t) = vjKj

−1 for all j ≥ 1.

Case (2): θ ≥ e. Then we have

lim
t→∞

Ξ(0)
j (t) = 0 for all j ≥ 1.

Proof of Lemma 4.11 We can use equation (4.6), that is

Ξ(0)
j (t) =

1
j

(
∑

l≥1

lΞ(0)
l (0))e(λθ−µ)tP0[Y (t) = j],

for all j ≥ 1. As R(0)
0 = 1 (4.6) simplifies to

Ξ(0)
j (t) =

1
j

(
∑

l≥1

lΞ(0)
l (0))P0[Y (t) = j],

for all j ≥ 1. Looking at case (1), we have θ < e. We can apply Theorem 4.10:
If p10 + p11 < 1, we see that Y is positive recurrent because R(0)

0 log θ < 1.
Therefore by general theory of Markov processes we have a unique infinite
vector of positive real numbers v such that

∑
j≥1 vj = 1 and limt→∞ P0[Y (t) =

j] = vj for all j ≥ 1. If p10 +p11 = 1, Y is eventually absorbed in state 1. Then
Lemma 4.11 is satisfied by choosing v1 = 1.

Looking at case (2), we have θ ≥ e. We can apply Theorem 4.10 again:
Here it is impossible that p10 + p11 = 1 because then θ ≤ 1 < e. So Y is either
null recurrent or transient because R(0)

0 log θ ≥ 1. But in both cases we have
limt→∞ P0[Y (t) = j] = 0 for all j ≥ 1. This ends the proof of Lemma 4.11.

�
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Call Ξ
(0)

(t) a stationary solution of DL, if Ξ
(0)

j (t) ≥ 0 for all j ≥ 0, and

putting Ξ(0) = Ξ
(0)

in the right hand side of DL gives zero: the solution to
DL with Ξ(0)(0) = Ξ

(0)
is then Ξ(0)(t) = Ξ

(0)
for all t. The results concerning

stationary solutions Ξ
(0)

of the linear system DL are summarised in

Theorem 4.12 a) For every choice of parameters (λ, θ, µ) there exists the
trivial stationary solution Ξ

(0)
= 0.

b) There is no nontrivial stationary solution of DL with finite number of para-
sites if θ ≥ e.
c) If θ < e and R

(0)
0 = 1, then up to scalar multiplication there exists exactly

one nontrivial stationary solution of DL with finite number of parasites.
d) Suppose that R(0)

0 = 1 and that θ < e, and let Ξ
(0)

be a stationary solution
of DL with finite number of parasites. Then, for any α > 1 the following
statements hold:

If θ ≥ α1/(α−1), then
∑
j≥1 j

αΞ
(0)

j =∞;

If θ < α1/(α−1) and
∑
j≥1 j

αp1j <∞, then
∑
j≥1 j

αΞ
(0)

j <∞.

e) Suppose that R(0)
0 = 1 and that θ < e, and let Ξ

(0)
be a stationary solution of

DL with finite number of parasites. For α > 1 and
∑
j≥1 j

αp1j <∞ fix θ and

define α∗ such that θ = α∗
1

α∗−1 and f(α) :=
∑
j≥1 j

αΞ
(0)

j . Then for θ fixed we
have

e1) f(α) is continuous and increasing in α ∈ (1, α∗).

e2)
lim
α↗α∗

f(α) = f(α∗) =∞.

Remarks 1. In Theorem 4.4 d) we saw that in the non-linear case the
ratios ξ

(0)

j /(1 − ξ(0)

0 ) are independent of λ and µ for j ≥ 1 (as long as R(0)
0

remains greater than 1). An analogous result in the linear case might be and
in fact is that the ratios Ξ

(0)

i /Ξ
(0)

j are independent of λ and µ for i, j ≥ 1. But

this result is obvious since in the linear case it is necessary that R(0)
0 = 1, i.e.

λ/µ = 1/θ. So leaving θ constant and changing λ to kλ for k > 0 requires also
altering µ in the same manner and vice versa. All one is doing in such a case
is changing the time scale.

2. We do not know anything about stationary solutions with infinite num-
ber of parasites or with infinite number of individuals (see “4.6 Open questions”
4.6.3. and 4.6.4.).
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Proof of Theorem 4.12 a) is clear.
b) Suppose we have a nontrivial stationary solution of DL with finite num-

ber of parasites. As the number of parasites is finite and the solution is nontriv-
ial, conditions C are satisfied. In a stationary solution the number of parasites
is constant. By (4.7) this requires that R(0)

0 = 1. So we can apply Lemma 4.11,
Case (2) which finishes the proof of Theorem 4.12 b).

c) A candidate for a nontrivial stationary solution with finite number of
parasites can be found through Lemma 4.11 as follows: Suppose we have θ < e,
R

(0)
0 = 1 and choose a fixed, finite number K (the (initial) number of parasites).

Then for all j ≥ 1 we define:

Ξ
(0)

j (t) := j−1Kvj (4.9)

for all t ≥ 0, where v denotes the unique stationary distribution of Y under
P(0). We now have to show that this is a solution of DL at all. Consider a
solution y of DL with initial values as in (4.9). By Theorem 4.9 that solution
y exists and is unique. We now have to show that the solution y is equal to
(4.9) for all t ≥ 0. Now y has a representation of the form (4.6). As R(0)

0 = 1
we have λθ − µ = 0 and so we only have to ensure that if we start with
P(0)[Y (0) = j] = vj , then we have P(0)[Y (t) = j] = vj for all t ≥ 0. But this is
so because v is the stationary distribution of Y under P(0).

Now we show that (4.9) is (up to scalar multiplication) the unique sta-
tionary solution of DL according to the way we defined such solutions. All
co-ordinates of (4.9) are nonnegative (even positive). We have to show that if
we put our solution (4.9) in the right side of DL we get zero. We therefore need

µvj+1 − µvj + λ
∑

i≥1

vi
i
pij = 0,

for all j ≥ 1. By (4.4) we see that this is equivalent to vS = 0 as θ = µ/λ. But
this is true as v is the unique stationary distribution of the Markov process
associated with the Q-matrix S.

Uniqueness follows through contradiction. If z is an other stationary solu-
tion of DL and z is not a scalar multiple of Ξ

(0)
, we argue as follows: z must

have a representation in the form of (4.6) too. We may assume without loss of
generality that the initial total number of parasites is the same in z and Ξ

(0)
,

because in the linear models, every scalar multiple of a stationary solution is a
stationary solution too. But then, looking at (4.6) there must be two stationary
distributions of Y , which is not possible.

d) We compare the stationary solutions of DL and DN with each other
and make contradictions using Theorem 4.5. Choose an arbitrary g0 ∈ (0, 1).
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If θ ≥ α1/(α−1), we assume we have a stationary solution Ξ
(0)

of DL such that∑
j≥1 j

αΞ
(0)

j <∞. Without loss of generality we may choose that
∑

j≥1

Ξ
(0)

j + g0 = 1, (4.10)

because in the linear models, every scalar multiple of a stationary solution
is a stationary solution too. Now we define λ′ := λ/g0. As R(0)

0 = 1, we
have λ′θ > µ. Therefore, by Theorem 4.4 c) we have a (unique), nontrivial
stationary solution of DN ξ

(0)
with parameters (λ′, θ, µ) with finite average

number of parasites per individual. Now we compare the two systems DN
(with (λ′, θ, µ)) and DL (with (λ, θ, µ)) with each other for j ≥ 1. The two
systems are:

dξ
(0)
j

dt
= (j + 1)µξ(0)

j+1 − jµξ(0)
j + λ′ξ(0)

0

∑

l≥1

ξ
(0)
l plj ; j ≥ 1, (DN)

and
dΞ(0)

j

dt
= (j + 1)µΞ(0)

j+1 − jµΞ(0)
j + λ

∑

l≥1

Ξ(0)
l plj ; j ≥ 1. (DL)

The only difference between DN and DL is in the infection process: We have
λ′ξ(0)

0 in DN and only λ in DL. But by Theorem 4.4 c) we know that ξ
(0)

0 =
µ/λ′θ = µg0/λθ = g0. Additionally we have by definition that λ = λ′g0. So
if we only want to look at stationary solutions (where ξ(0)

0 is constant in time
and equal to g0), the two systems are in fact equal and both linear! We define:
gj := Ξ

(0)

j for j ≥ 1. By (4.10) and the equivalence of DN and DL the vector
(gj)j≥0 is the unique stationary solution of DN with parameters (λ′, θ, µ). So
we constructed a stationary solution g of DN where for θ ≥ α1/(α−1) we have∑
j≥1 j

αgj <∞. This is a contradiction to Theorem 4.5.

On the other hand, if θ < α1/(α−1), we assume we have a solution Ξ
(0)

of DL
such that

∑
j≥1 j

αΞ
(0)

j =∞. But then we can construct such a solution of DN
too as shown above in the first part of d) which is again a contradiction to
Theorem 4.5.

e) The proof of e) is the same as the proof of Corollary 4.6.
�

In the next theorem we prove convergence of a solution of DL to a station-
ary solution under some obviously necessary assumptions.

Theorem 4.13 Suppose that θ < e and R
(0)
0 = 1. Then each solution

z of DL, which satisfies conditions C converges towards the unique stationary
solution Ξ

(0)
of DL for which

∑
j≥1 jΞ

(0)

j =
∑
j≥1 jzj(0) holds.
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Proof of Theorem 4.13 We can use Lemma 4.11: we see that each
solution of DL that satisfies conditions C converges to some infinite positive
vector (vjKj−1)j≥1. We have to show (as in the proof of Theorem 4.12 c))
that this is the (unique) stationary solution of DL. We first have to show that
this is a solution of DL at all. Consider a solution y of DL with initial values
(vjKj−1)j≥1. By Theorem 4.9 that solution y exists and is unique. We now
have to show that the solution y is equal to (vjKj−1)j≥1 for all t ≥ 0. However,
y has a representation of the form (4.6). As R(0)

0 = 1 we have λθ − µ = 0 and
so we only have to assure that if we start with P(0)[Y (0) = j] = vj , then we
have P(0)[Y (t) = j] = vj for all t ≥ 0. But this is so because v is the stationary
distribution of Y under P(0). Now we show that (vjKj−1)j≥1 is a stationary
solution of DL according to the way we defined such solutions. All co-ordinates
of (vjKj−1)j≥1 are nonnegative (even positive). We have to show that if we
put our solution (vjKj−1)j≥1 in the right side of DL we get zero. We therefore
need

µvj+1 − µvj + λ
∑

i≥1

vi
i
pij = 0,

for all j ≥ 1. By (4.4) we see that this is equivalent to vS = 0 as θ = µ/λ. But
this is true as v is the unique stationary distribution of the Markov process
associated with the Q-matrix S. Uniqueness follows from Theorem 4.12 c).

�
In the next theorem, which is valid for all θ, we rule out the possibility of

periodic solutions in DL.

Theorem 4.14 Apart from stationary solutions there are no periodic so-
lutions of the linear system DL which satisfy conditions C.

Proof of Theorem 4.14 In a periodic solution the number of parasites
must be periodically the same too. But in view of (4.7) this means that R(0)

0 = 1
is necessary. Now we can apply Lemma 4.11: But the behaviour suggested in
both cases rules out periodic solutions which are not stationary solutions.

�

Historical remarks on the threshold results in the models without
mortality of humans SN, DN, SL, DL

Barbour and Kafetzaki (1993): Models SN and DN

In Barbour and Kafetzaki (1993) Theorem 2.2 (notation of this thesis) was
proved, showing that in SN the epidemic dies out with probability 1 no matter
what values the parameters take (the number of individuals is M < ∞). No
stochastic threshold results (see Theorem 2.3) were found. In the deterministic
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model DN they proved Theorem 4.1 which shows extinction for all θ as soon
as R(0)

0 < 1. Then they proved the first part of Theorem 4.2 Case (2), that
is: if θ > e, then limt→∞ ξ(0)(t) = e0 if R1 < 1. So they found (although only
proving one direction) that either R(0)

0 or R(0)
1 could be the threshold for the

extinction of the epidemic, depending on the value of θ.

Barbour (1994): Model SL

It was then in a stochastic environment and in a linear model (SL), that
Barbour (1994) proved Theorem 2.5: it states that the threshold separating
growth from extinction is R(0)

0 = 1 for θ < e and R
(0)
1 = 1 for θ ≥ e. There

are two objections to this result: First one can argue that this is only a linear
approximation of the initial phase. Intuitively the case R(0)

i > 1 is then not
so clear, because in the non-linear case the contact rate is multiplied by the
proportion of non infected. So it might be possible that the epidemic dies out
nevertheless. On the other hand the case R(0)

i < 1 is by the same reason even
more evident. Looking at Theorem 4.2, we see that the above objection is not
justified. On the other hand one might argue that in Barbour (1994) we are
looking at a stochastic model. In a stochastic model an epidemic can die out by
chance just at the beginning, even if the parameters are such that a substantial
outbreak is well possible or even very likely. Thus a deterministic model may
exhibit a different behaviour. So there is a need to look at a deterministic
linear model too.

Barbour, Heesterbeek and Luchsinger (1996): Models SL and DL

Barbour, Heesterbeek and Luchsinger (1996) addressed this latter prob-
lem. Both thresholds R(0)

0 = 1 and R(0)
1 = 1 occur with same meaning (Remark

1 to Theorem 4.8); so the second objection is not justified either. In addition,
it was possible to calculate the asymptotic growth rates (Theorem 4.8).

In this present thesis we have been able to show both sides of the threshold
results in the non-linear cases, for all values of θ (Theorem 4.2).

4.3 A process related to DL where real time is replaced
by generation number

Our discussion of model DL so far has been in terms of its evolution in real
time. However, the basic reproduction number is usually defined by considering
the reproductive success of an individual in terms of its offspring in the next
generation; see, for example, Diekmann, Hesterbeek and Metz (1990). What
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does the infection process look like, if it is described in terms of its evolution
in time measured by generations of infected hosts?

As before, it is important to distinguish hosts according to their infective
potential. Here, a type i host denotes a host who was initially infected by i
parasites. The expected number Tij of type j “offspring” in the next generation
of infection arising from a single type i host is then given by

Tij = λ

∫ ∞
0

i∑

l=1

Pil(t)plj dt,

where Pil(t) is the probability that, at time t after its infection, a type i host has
exactly l surviving parasites: Pil(t) = P[Bi(i, e−µt) = l]. Since

∫∞
0
Pil(t) dt =

1/lµ, the expected length of time for which exactly l parasites are alive in the
host, we thus find that

Tij =
λ

µ

i∑

l=1

l−1plj .

Note that
∑
j≥1 jTij = iλθ/µ = R

(0)
0 i; on average, parasite numbers are mul-

tiplied by R(0)
0 in each generation.

The expected evolution, now with generation as the time parameter, is
described by the discrete difference equations

x(n) = x(n−1)T,

where x(n) denotes the expected numbers of hosts of the different types in
generation n. The operator T (or more precisely its adjoint) corresponds to
the next-generation operator as introduced by Diekmann, Heesterbeek and
Metz (1990). These equations are analogous to DL, with T − I corresponding
to R (defined in equation (4.3)), and have solution x(n) = x(0)Tn. To find its
behaviour, note that the matrix L defined by

Lij :=
j

iR
(0)
0

Tij =
1
iθ

i∑

l=1

l−1jplj (4.11)

is stochastic (L− I corresponds to S), and that

Tnij =
(
R

(0)
0

)n
iLnij/j.

Hence the development of x(n) depends on the properties of the Markov chain
Ŷ with transition matrix L. In contrast to the evolution in real time, the matrix
L does not involve λ or µ, so that critical values for determining the form of
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the growth exponent of x(n) have to be different from those in Theorem 4.8. It
turns out that the situation is rather simpler.

Theorem 4.15 [Barbour, Heesterbeek and Luchsinger (1996),
Theorem 2.8] The Markov chain Ŷ with transition matrix L defined in (4.11)
is positive recurrent if θ < e, null recurrent if θ = e and transient if θ > e.
Furthermore, the limit

lim
n→∞

{∑

j≥1

x
(n)
j

}1/n

=: ĉ(R(0)
0 , θ)

exists, and is given by

ĉ(R(0)
0 , θ) =




R

(0)
0 if θ ≤ e;

λe log θ/µ if θ > e.

The contrast between Theorems 4.8 and 4.15 indicates that the way in
which generations of infection overlap in real time also changes in character,
depending on the parameter values. As an aid to understanding this, let qik :=
qik(t) denote the proportion of parasites at time t which are living in hosts who
have exactly i parasites and belong to the k-th generation of infection. Then
the analogue of (4.8) yields

q̇ik = iµqi+1,k − [(i− 1)µ+ λθ]qik + λ
∑

l≥1

ql,k−1l
−1ipli.

Thus the qik(t) solve the Kolmogorov forward equations for a two dimensional
Markov process (Y,Z) with transitions

(j, k)→ (j − 1, k) at rate (j − 1)µ;

(j, k)→ (l, k + 1) at rate λj−1lpjl,
(4.12)

for j, l ≥ 1, k ≥ 0. Hence the distribution of (Y (t), Z(t)) can be interpreted as
the status, in terms of number of parasites and generation, of a host selected
at time t by choosing a parasite uniformly at random and then taking its host.
The first component is the same as the original auxiliary Markov process Y .
The second component Z is a Poisson process of rate λθ, showing that the
proportion of parasites at time t which are living in generation k hosts is given
by e−λθt(λθt)k/k!. Hence also, using (4.7), the proportion of the parasites of
generation k which are alive at time t is given by e−µt(µt)k/k!. These are
the same proportions as expected in a linear birth and death process with per
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capita birth rate λθ and death rate µ, suggesting that the overlap of generations
in terms of parasite numbers remains entirely normal. However, host type and
generation are not independent of one another: instead, we have the following
result.

Theorem 4.16 [Barbour, Heesterbeek and Luchsinger (1996),
Theorem 2.9] For the Markov process (Y, Z) with transitions given in (4.12),
we have

E
[
yY (t)zZ(t)|Y (0) = i, Z(0) = 0

]
= eλθt(z−1)E

[
yYz(t)|Yz(0) = i

]
,

where Yz is the auxiliary Y -process obtained when λ is replaced by λz. In
particular, because the distribution of Yz is not the same as that of Y , Y (t) and
Z(t) are not independent.

Despite Theorem 4.16, it still makes sense to ask whether the distributions
of Y (t) and Z(t) are in some sense asymptotically independent. If R(0)

0 log θ <
1, the Y -process is positive recurrent by Theorem 4.10, and so Y (t) has a
limiting distribution υ as t → ∞. The distribution of Z(t) never converges,
but that of Ẑ(t) := t−1/2{Z(t) − λθt} has limit N(0, λθ). In the case when
R

(0)
0 log θ < 1, it follows from Theorem 4.16, by setting z := exp{−st−1/2},

that the pair (Y (t), Ẑ(t)) has υ ×N(0, λθ) as limiting distribution, with inde-
pendence between the components.

Thus, sampling in real time, the distribution of host type settles asymp-
totically to a fixed distribution which is independent of generation number,
whenever R(0)

0 log θ < 1. This remains true even when θ > e, although, un-
der these circumstances, the number of hosts in generation n decreases like
{R(0)

0 e log θ/θ}n instead of like
(
R

(0)
0

)n, and so the average number of parasites
per host at infection in generation n grows like (θ/e log θ)n. That these appar-
ently different kinds of behaviour can coexist seems surprising. However, there
are two factors which could help to account for it. First, even if the average
number of parasites per host tends to infinity with generation, it need not be
the case that the “typical” number of parasites per host, which is described
by a probability distribution, also tends to infinity - a proper probability dis-
tribution can well have infinite mean. Secondly, a host with a large initial
parasite load spends a longer time infected than one with a small initial load,
but for most of this time the bulk of his initial parasites are already dead. How-
ever, from an epidemiological point of view, this combination of parameters is
uninteresting, since then R

(0)
0 < 1 also, and the infection dies out.

The more interesting case is that in which R
(0)
0 log θ > 1 and θ < e. This

implies geometric growth of host and parasite numbers like
(
R

(0)
0

)n in terms
of generations, but a slower exponential rate of growth in real time for the
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number of infected hosts than the rate e(λθ−µ)t for the number of parasites.
Thus, in real time, the average number of parasites per host tends to infinity
exponentially fast, although it remains steady when time is expressed in terms
of number of generations. Once again, a proper distribution can have infinite
mean; also, it is now not obviously the case from Theorem 4.16 that generation
number and host type are asymptotically independent, so that the way in
which the generations overlap may be biased by parasite burden. In both of
these curious cases, the difficulties in interpreting the results arise because the
hosts are sampled according to a scheme weighted by parasite number. Such
a scheme has no meaning when the mean parasite burden is infinite, as may
asymptotically be the case.

4.4 The deterministic linear model with mortality of hu-
mans DLM

As announced at the beginning of this chapter we first treat the linear case
with mortality of humans and then in section 4.5 the non-linear case. This is
due to the proofs: We need some results of 4.4 for to prove some results of 4.5.

Denote by Ξ a solution of the linear deterministic system of differential
equations DLM, whilst still using Ξ(0) as a notation for a solution of DL. The
system DLM is as follows:

dΞj
dt

= (j + 1)Ξj+1µ− jΞjµ+ λ
∑

l≥1

Ξlplj − κΞj , j ≥ 1. (DLM)

It can easily be verified that the solutions of DL and DLM are linked, in that
the following equation is satisfied:

Ξj(t) = Ξ(0)
j (t)e−κt, (4.13)

for all j ≥ 1. This should be understood in the sense that if one has a solution
to either equation, one gets the solution to the other equation via formula
(4.13). We know that a solution of DL is unique if sup0≤s≤t

∑
j≥1 Ξ(0)

j (s) <∞
for all t ≥ 0 (Theorem 4.9). We now wish to look at the solutions of DLM
which satisfy sup0≤s≤t

∑
j≥1 Ξj(s) < ∞ for all t ≥ 0. We need to show that

if we start with a solution of one of the systems and calculate a solution of
the other system using (4.13), then this condition remains satisfied. Then we
automatically have uniqueness of the solution of DLM with given initial values
under the above condition. But, from (4.13), this condition is surely satisfied.

The following theorem is just a translation of Theorem 4.9 and the remark
following it using relation (4.13). It shows that we have a unique nonnegative
solution to system DLM.
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Theorem 4.17 The system DLM, with Ξ(0) such that 0 <
∑
j≥1 Ξj(0) <

∞, have a unique nonnegative solution satisfying sup0≤s≤t
∑
j≥1 Ξj(s) < ∞

for all t ≥ 0. The solution is given by

Ξj(t) = j−1

(∑

l≥1

lΞl(0)Pl
[
Y (t) = j

])
e(λθ−µ−κ)t,

where Y is the unique pure jump Markov process with Q-matrix S (see 4.4)
and Pl denotes probability conditional on Y (0) = l.

Proof of Theorem 4.17 Theorem 4.17 is just a translation of Theorem
4.9 into the situation with mortality of humans. In view of remarks just before
Theorem 4.17 nothing remains to be proved.

�

Remark In conditions C we even assume that
∑
j≥1 jΞj(0) < ∞. Then

the solution can be even more simply expressed as

Ξj(t) =
1
j

(
∑

l≥1

lΞl(0))e(λθ−µ−κ)tP0[Y (t) = j], (4.14)

for all j ≥ 1, where P0 denotes probability conditional on the initial distribution

P0[Y (0) = j] = jΞj(0)/(
∑

l≥1

lΞl(0))

Using (4.13) we gain two special solutions of the linear cases with and
without mortality respectively: Starting with a nontrivial stationary solution
Ξ

(0)

j (t) in the model without mortality of humans DL and multiplying each
co-ordinate with e−κt we gain a solution of the model with mortality whose
proportions amongst the co-ordinates stay constant while the whole system
dies out. On the other hand, starting with a stationary solution of the system
with mortality of humans DLM (such a stationary solution exists according to
Theorem 4.20 c)) and multiplying with eκt, we gain a solution of the model
without mortality where again the proportions amongst the co-ordinates stay
constant over time; but this time we have growth in the system.

We can use equations (4.7) and (4.13) to compute the development of the
number of parasites in the entire system:

∑

j≥1

jΞj(t) = (
∑

l≥1

lΞl(0))e(λθ−µ−κ)t. (4.15)

Therefore R0 := λθ/(µ+κ) = 1 is the new threshold for the development of the
number of parasites in DLM. Denote R0 := λθ/(µ+ κ), R1 := λe log θ/(µθ

κ
µ ),
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R2 := λ/κ. The interpretations for these combinations of parameters have been
given (as far as possible) in chapter 2 in “Remarks on the basic reproduction
ratios I, II, III and IV”.

Additionally we gain a counterpart of Theorem 4.8 if we use (4.13): By
looking at the definition of c∗ in Theorem 4.8 and the definition of c+ just
below, we can derive that

c+ = c∗ − κ. (4.16)

Using this we automatically have the following theorem. It makes a statement
about the asymptotic behaviour of the number of infected individuals in DLM
and in Remark 4 following the theorem we derive the threshold result:

Theorem 4.18 Assume that
∑
j≥1 jΞj(0) <∞. Then the limit:

lim
t→∞

t−1 log
∑

j≥1

Ξj(t) =: c+(λ, µ, θ, κ) =: c+

exists and is given by:

c+ =





λθ − µ− κ if R(0)
0 log θ ≤ 1

λθ

R
(0)
0 log θ

(1 + log(R(0)
0 log θ))− µ− κ if 1 < R

(0)
0 log θ ≤ θ

λ− κ if R(0)
0 log θ > θ.

Remarks 1) This result is consistent with Theorem 4.8 if κ = 0.
2) One might ask oneself, why the death rate κ is so simply introduced

in formula (4.15) and the calculation of c+. The reason is that the death
rate is uniform (in our model) no matter how high the parasite burden is. So
the proportions amongst the co-ordinates of Ξ stay unchanged. The death
rate might influence the qualitative development of the disease; it can make
a disease die out, i.e. make c+ larger or smaller. But besides that κ only
makes the disease spread at a more moderate speed (c+ > 0) or increase the
deterioration of the disease (c∗ < 0 & c+ < 0).

3) Here too, paradoxical behaviour as in models DN and DL is possible,
that is: the number of parasites can tend to∞ although the number of infected
tends to 0. An example of such a combination of parameters is: λ = 2, θ =
e, µ = 1, κ = 2.5. Then we have R0 > 1 but c+ < 0.

4) Using Theorem 4.18, elementary although quite complicated calcula-
tions lead to the following threshold behaviour: If we are only interested in
whether c+ < 0 or c+ > 0 we have the following results:

In the region log θ ≤ (1 + (κ/µ))−1 we have: c+ < 0 if and only if R0 < 1.
In the region (1 + (κ/µ))−1 < log θ ≤ µ/κ we have: c+ < 0 if and only if
R1 < 1. In the region log θ > µ/κ we have: c+ < 0 if and only if R2 < 1. This
is consistent too with Remark 1 following Theorem 4.8 in case κ = 0; notice
that these three regions for θ become two regions if κ tends to 0.
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Proof of Theorem 4.18 Theorem 4.18 is just a translation of Theorem
4.8 into the situation with mortality of humans. In view of (4.16) nothing
remains to be proved.

�
We now prove Lemma 4.19 which enables us to simplify many of the fol-

lowing proofs. The Markov process Y and the probability measure P0 have
been defined in chapter 4.2 following Theorem 4.8.

Lemma 4.19 Suppose that in DLM we have R0 = 1. The initial values
are such that 0 < K :=

∑
l≥1 lΞl(0) <∞. Then the following result holds:

Case (1): log θ < 1/(1 + κ/µ). Then there exists a unique infinite vector of
positive real numbers v (the stationary distribution of Y under P0) such that∑
j≥1 vj = 1 and

lim
t→∞

Ξj(t) = vjKj
−1 for all j ≥ 1.

Case (2): log θ ≥ 1/(1 + κ/µ). Then we have

lim
t→∞

Ξj(t) = 0 for all j ≥ 1.

Proof of Lemma 4.19 We can use equation (4.6), that is

Ξ(0)
j (t) =

1
j

(
∑

l≥1

lΞ(0)
l (0))e(λθ−µ)tP0[Y (t) = j],

for all j ≥ 1. Using (4.13) we derive

Ξj(t) =
1
j

(
∑

l≥1

lΞl(0))e(λθ−µ−κ)tP0[Y (t) = j], (4.17)

for all j ≥ 1. As R0 = 1 (4.17) simplifies to

Ξj(t) =
1
j

(
∑

l≥1

lΞl(0))P0[Y (t) = j],

for all j ≥ 1. Looking at case (1), we have log θ < 1/(1 + κ/µ). We can apply
Theorem 4.10 because we have

R
(0)
0 log θ <

λθ

µ

1
1 + κ/µ

=
λθ

µ+ κ
= 1.
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So if p10 + p11 < 1, Y is therefore positive recurrent. Therefore by general
theory of Markov processes we have a unique infinite vector of positive real
numbers v such that

∑
j≥1 vj = 1 and limt→∞ P0[Y (t) = j] = vj for all j ≥ 1.

If p10 + p11 = 1, Y is eventually absorbed in state 1. Then Lemma 4.19 is
satisfied by choosing v1 = 1.

Looking at case (2), we have log θ ≥ 1/(1 + κ/µ). We can apply Theorem
4.10 again: Here it is impossible that p10 + p11 = 1 because then log θ >
1/(1 + κ/µ) > 0 and p11 = θ < 1 in that case. Y is either null recurrent or
transient because

R
(0)
0 log θ ≥ λθ

µ

1
1 + κ/µ

=
λθ

µ+ κ
= 1.

But in both cases we have limt→∞ P0[Y (t) = j] = 0 for all j ≥ 1. This ends
the proof of Lemma 4.19.

�
The results about stationary solutions in DLM are summarised in the

following theorem:

Theorem 4.20 a) For every choice of parameters (λ, θ, µ, κ) there exists
the trivial stationary solution Ξ = 0.

b) There is no nontrivial stationary solution of DLM with finite number
of parasites if log θ ≥ (1 + κ/µ)−1.

c) If log θ < (1+κ/µ)−1 and R0 = 1, then up to scalar multiplication there
exists exactly one nontrivial stationary solution of DLM with finite number of
parasites.

Remarks 1. In Theorem 4.26 d) we see that in the non-linear case the
ratios ξj/(1 − ξ0) are independent of λ, µ, κ for j ≥ 1 (as long as R0 remains
greater than 1 and the ratio κ/µ is not altered). An analogous result in the
linear case might be and in fact is that the ratios Ξi/Ξj are independent of
λ, µ, κ for i, j ≥ 1 under the above constraints. But this result is obvious since
in the linear case it is necessary that R0 = 1, i.e. λ/(µ+ κ) = 1/θ. So leaving
θ constant and changing λ to kλ for k > 0 requires also altering (µ, κ) in the
same manner and vice versa. All one is doing in such a case is changing the
time scale! Exactly the same calculations as in the proof of Theorem 4.26 d)
show additionally that here too if the ratio κ/µ should be altered then not all
above ratios can stay the same!

2. We do not know anything about stationary solutions with infinite num-
ber of parasites or with infinite number of individuals (see “4.6 Open questions”
4.6.3. and 4.6.4.).
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Proof of Theorem 4.20 a) is clear.
b) The proof of Theorem 4.20 b) is almost the same as the proof of Theorem

4.12 b). Use equation (4.15) instead of (4.7) and apply Lemma 4.19, Case (2)
instead of Lemma 4.11, Case (2).

c) The proof of Theorem 4.20 c) is almost the same as the proof of Theorem
4.12 c). Use Lemma 4.19 instead of Lemma 4.11, Theorem 4.17 instead of
Theorem 4.9, equation (4.14) instead of (4.6), use θ = (µ+ κ)/λ.

�
In the next theorem we prove convergence of a solution of DLM to a

stationary solution under some obviously necessary assumptions.

Theorem 4.21 If log θ < (1 +κ/µ)−1 and if R0 = 1 then every solution y
of DLM which satisfies conditions C converges towards that unique stationary
solution Ξ of DLM which satisfies

∑
j≥1 jΞj =

∑
j≥1 jyj(0).

Proof of Theorem 4.21 The proof of Theorem 4.21 is almost the same as
the proof of Theorem 4.13. Use Lemma 4.19 instead of Lemma 4.11, Theorem
4.17 instead of Theorem 4.9, equation (4.14) instead of (4.6), use θ = (µ+κ)/λ,
Theorem 4.20 c) instead of Theorem 4.12 c).

�
In the next theorem, which is valid for all θ, we rule out the possibility of

periodic solutions in DLM.

Theorem 4.22 In the linear system DLM there are no periodic solutions
which satisfy conditions C except stationary solutions.

Proof of Theorem 4.22 In a periodic solution the number of parasites
must be periodically the same too. But in view of (4.14) this means that R0 = 1
is necessary. Now we can apply Lemma 4.19: But the behaviour suggested in
both cases rules out periodic solutions which are not stationary solutions.

�

4.5 The deterministic non-linear model with mortality of
humans DNM

As promised, after having examined the linear model with mortality of humans,
we now treat the non-linear case.

We are now going to look at the counterpart of Theorem 4.1. Again, it
is valid for all values of θ. This time we are going to examine the non-linear,
deterministic system DNM. So let ξ be the unique solution of DNM (with given
initial values, see Theorem 3.5). Intuitively it is clear, that if a parasite has less
than one offspring under ideal conditions, that is if R0 < 1, then the epidemic
must die out. That is precisely the following result:
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Theorem 4.23 If R0 < 1 and if ξ(0) = y is such that s1 :=
∑
j≥1 jyj <

∞, then limt→∞ ξ(t) = e0 and
∑
j≥1 jξj(t) ≤ s1e

−(µ+κ−λθ)t.

Proof of Theorem 4.23 We use the notation introduced in the proof of
Theorem 3.12. We can use equation (3.9) from chapter 3 for α = 1. So we
have:

m∞1 (t) = m∞1 (0) +
∫ t

0

c1(ξ(u))du; (4.18)

where m∞1 (t) :=
∑
j≥1 jξj(t). We have:

m∞1 (0) =
∑

j≥1

jξj(0) =
∑

j≥1

jyj = s1,

and further by defining ξ := ξ(t):

c1(ξ) =
∑

j≥1

jµξj [(j − 1)− j] + λξ0
∑

k≥1

∑

j≥1

ξjpjkk − κ
∑

j≥1

jξj

= −
∑

j≥1

jµξj + λξ0
∑

k≥1

∑

j≥1

ξjpjkk − κ
∑

j≥1

jξj

= −(µ+ κ)
∑

j≥1

jξj + λξ0
∑

k≥1

∑

j≥1

ξjpjkk

= −(µ+ κ)
∑

j≥1

jξj + λξ0
∑

j≥1

ξjjθ = (λξ0θ − µ− κ)
∑

j≥1

jξj .

Therefore using (4.18) it follows that:

m∞1 (t) = s1 +
∫ t

0

[λξ0(u)θ − µ− κ]m∞1 (u)du.

Taking the derivative we get

dm∞1 (t)
dt

− [λξ0(t)θ − µ− κ]m∞1 (t) = 0. (4.19)

But (4.19) is a linear differential equation with solution

m∞1 (t) = s1e
(
∫ t

0
[λξ0(u)θ−µ−κ]du)

, (4.20)

because the initial conditions are m∞1 (0) = s1. Because ξ0(u) ≤ 1 for all u, we
have

m∞1 (t) ≤ s1e
−(µ+κ−λθ)t.

As m∞1 (t) =
∑
j≥1 jξj(t), Theorem 4.23 is proved.

�
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Next we derive the threshold results for system DNM:

Theorem 4.24 Let ξ(0) in DNM be such that 0 <
∑
j≥0 jξj(0) < ∞.

Then the following statements hold:
Case 1) log θ ≤ (1 + κ/µ)−1: Then limt→∞ ξ(t) = e0 if R0 < 1, and if

R0 > 1 then ξ(t) 6→ e0 as t→∞.
Case 2) (1 + κ/µ)−1 < log θ ≤ µ/κ: Then limt→∞ ξ(t) = e0 if R1 < 1,

and if R1 > 1 then ξ(t) 6→ e0 as t→∞.
Case 3) log θ > µ/κ: Then limt→∞ ξ(t) = e0 if R2 < 1, and if R2 > 1

then ξ(t) 6→ e0 as t→∞.

Remarks 1. Theorem 4.24 is not contradictory to Theorem 4.23: There,
in fact we did make a statement which holds for all θ but just one-sided about
extinction and obviously we anyway have the inequalities R0 ≥ R1 for all θ > 0
and R0 ≥ R2 for all θ such that log θ > µ/κ.

2. The stochastic analogue of Theorem 4.24 is Theorem 2.8 but the reader
should notice Theorem 2.7 too.

3. We do not know what happens if the relevant Ri = 1 (see “4.6 Open
questions” 4.6.1.).

Proof of Theorem 4.24 The first case where R0 < 1 follows immediately
from Theorem 4.23. We first prove the results where the disease dies out (the
relevant Ri must be smaller than 1). Then we prove that the infection does
not die out if the relevant Ri is larger than one.

We use the notation of chapter 3 for cα and m∞α (t). The function f(x) =
xα is concave if α ∈ [0, 1]. So for x1, x2 we have

f(x1) ≤ f(x2) + f ′(x2)(x1 − x2).

If we choose x1 = j − 1, x2 = j we therefore get

{(j − 1)α − jα} ≤ −αjα−1,

and so we can derive
∑

j≥1

jµξj{(j − 1)α − jα} ≤ µ
∑

j≥1

jξj(−αjα−1) ≤ −µα
∑

j≥1

jαξj .

Using Jensen’s inequality for concave functions we have
∑
l≥0 pjll

α ≤ (jθ)α.
So

λξ0
∑

l≥1

∑

j≥1

ξjpjll
α = λξ0

∑

j≥1

ξj
∑

l≥1

pjll
α

≤ λθαξ0
∑

j≤1

jαξj ,

106



and so looking at the definition of cα in chapter 3 we can conclude

cα(ξ) =
∑

j≥1

jµξj{(j − 1)α − jα)}

+ λξ0
∑

l≥1

∑

j≥1

ξjpjll
α − κ

∑

j≥1

jαξj

≤ (λθαξ0 − µα− κ)
∑

j≥1

jαξj .

Using (3.9) of chapter 3 we therefore have for 0 ≤ v ≤ t

m∞α (t) = m∞α (v) +
∫ t

v

cα(ξ(u))du

≤ m∞α (v)−
∫ t

v

(µα+ κ− λθαξ0)
∑

j≥1

jαξj(u)du

= m∞α (v)−
∫ t

v

(µα+ κ− λθαξ0)m∞α (u)du.

(4.21)

If R0 < 1 we can use Theorem 4.23 which is valid for all θ and so we may
assume that R0 ≥ 1. We want to find an α ∈ (0, 1] such that g(α) := κ+µα−
λθα > 0. Then we can apply the Gronwall-inequality to (4.21) because then
limt→∞m∞α (t) = 0 which ends the proof. Let us first analyse this function g:
g(0) = κ − λ and g(1) = κ + µ − λθ (≤ 0 because R0 ≥ 1). So if κ − λ > 0
(that is R2 < 1) we easily find an α ∈ (0, 1] such that g(α) > 0 (α→ 0 finally
gives us such an α). So the third case where R2 < 1 is already satisfied. We
may therefore assume that κ ≤ λ. We therefore only have to show the second
case: 1/(1 + κ/µ) < log θ ≤ µ/κ, R1 < 1. Elementary calculations show that g
takes the maximum with respect to α at

α0 :=
1

log θ
log
(

µ

λ log θ

)
.

Under the assumptions above it can be shown through elementary though
partly tedious calculations that α0 ∈ (0, 1] and g(α0) > 0. This ends the
proof of the first directions (Ri < 1).

Now we need to prove that in cases 1), 2) and 3) the infection does not
die out if the relevant Ri is larger than 1. This proof is almost the same as
the proof of the second part of the proof of Theorem 4.2. The only major
change is the introduction of mortality of individuals but that does not cause
any problems. The main problem of these proofs lies in the infection process.
The necessary changes are: use Remark 4 of Theorem 4.18 instead of Remark
1 of Theorem 4.8, use Theorems 3.5 and 3.15 instead of Theorems 3.1 and 3.3,
use Theorem 3.12 instead of Theorem 3.2.

�
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Now we want to look at the average number of parasites per individual
at time t. In comparison to the linear cases (see remarks), we do not have an
explicit expression. But there are nevertheless some important remarks that
can be made.

Theorem 4.25 If K :=
∑
j≥1 jξj(0) < ∞, then the average number of

parasites per individual develops according to the following rule:

∑

j≥1

jξj(t) = K exp
{

(λθ − µ− κ)t− λθ
∫ t

0

∑

j≥1

ξj(u)du
}
.

Remarks on Theorems 4.3 and 4.25 The following remarks are true for
model DN (choose κ = 0 in model DNM) and model DNM. Where another the-
orem is quoted or changes are nevertheless necessary, the remarks for Theorem
4.3 follow in brackets [.].

1) Comparing with (4.15) [(4.7) for Theorem 4.3], we see that the above
equation has a linear part K exp

{
(λθ−µ−κ)t

}
and a non-linear correction term

of the form exp
{−λθ ∫ t

0

∑
j≥1 ξj(u)du

}
. If we start with a small proportion of

infected and the parameters are such that the epidemic develops, this non-linear
correction becomes increasingly important. Further, as

∑
j≥1 ξj = 1 − ξ0, if

the proportion of uninfected ξ0 is smaller than R−1
0 = (µ + κ)/(λθ), then the

average number of parasites per individual declines and if ξ0 > R−1
0 the average

number of parasites per individual grows. The average number of parasites
per individual in the system depends only on the initial average number of
parasites per individual, the parameters (λ, θ, µ, κ) and the development of the
proportion of uninfected.

2) As
∑
j≥1 ξj(u) ∈ [0, 1], we have

∑

j≥1

jξj(t) ∈ K[e−(µ+κ)t, e(λθ−µ−κ)t].

3) In a stationary solution with finite number of parasites the average
number of parasites per individual is constant. This is included in this formula
because in the stationary solution we must have ξ0 = (µ + κ)/(λθ) according
to Theorem 4.26 c) [Theorem 4.4 c)] and this makes the exponential rate 0 as
must be.

4) If the proportion of infected were 1, the initial decline of the average
number of parasites per individual would be at an exponential rate of µ+ κ as
can be seen in the above formula too and as is expected to be.

5) We have the same paradoxical behaviour as in the linear models; that
is: it is possible that the average number of parasites per individual tends
to infinity but that the infection dies out nevertheless. This happens as an
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example if log θ ∈ ((1 + κ/µ)−1, µ/κ) [θ > e], R0 > 1 but R1 < 1. As can be
seen in Theorem 4.24 Case (2) [Theorem 4.2 Case (2)] the infection dies out, but
from Theorem 4.25 [Theorem 4.3] we see that the average number of parasites
per individual tends to infinity with such a combination of parameters. In the
third region for θ the situation is just the same.

6) It is not possible with any combination of parameters that the propor-
tion of infected converges to 1 because, from Theorem 4.25 [Theorem 4.3], the
average number of parasites per individual would converge to 0, a contradiction.

Proof of Theorem 4.25 The theorem follows immediately looking at
equation (4.20) in the proof of Theorem 4.23 and taking into account that
ξ0(u) = 1−∑j≥1 ξj(u).

�
We still have to prove Theorem 4.3.

Proof of Theorem 4.3 The proof of Theorem 4.3 is the proof of Theorem
4.25 if µ−κ is everywhere replaced by µ. The proof of Theorem 4.23 stays valid
if κ = 0 as can be seen in Barbour and Kafetzaki (1993), proof of Theorem 4.1.

�
The next theorem summarises all results about stationary solutions in

model DNM:

Theorem 4.26 a) In every non-linear system DNM we always have the
trivial stationary solution ξ = e0 no matter which values the parameters take.

b) There is no nontrivial stationary solution of DNM with finite average
number of parasites per individual if log θ ≥ (1 + κ/µ)−1.

c) Suppose that log θ < (1 + κ/µ)−1 and R0 > 1. Then there exists a
unique stationary solution ξ of DNM with finite average number of parasites
per individual. For this stationary solution we furthermore have ξ0 = R−1

0 .
d) Assuming the conditions of c) and as long as R0 remains greater than

1, the ratios ξj/(1− ξ0) for j ≥ 1 do not change if the vector (λ, µ, κ) is altered
in such a way that the ratio κ/µ remains constant. More, if p10 + p11 < 1 then
these ratios can not all stay the same if the ratio κ/µ is altered.

Remark 1. We do not know anything about stationary solutions with
infinite average number of parasites per individual (see “4.6 Open questions”
4.6.3.).

2. We do not know whether in the situation of Theorem 4.26 c) a solution
ξ does converge towards ξ (see “4.6 Open questions” 4.6.2.).

3. Result d) is consistent with result d) of Theorem 4.4 if we choose κ = 0
because then the ratio κ/µ equals 0 in any case.
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Proof of Theorem 4.26 a) is obvious.
b) In this part we assume that log θ ≥ 1/(1 + κ/µ). We prove part b)

by contradiction: we show that if we have a nontrivial stationary solution ξ of
DNM with finite average number of parasites per individual, then we must have
a nontrivial stationary solution Ξ of DLM which is contradictory to Theorem
4.20 b). So let us suppose that ξ is a nontrivial stationary solution of DNM
with finite average number of parasites per individual. Therefore, if we put ξ in
the right side of DNM we get zero. We once again repeat the equations DNM
which are as follows:

dξj
dt

= (j + 1)µξj+1 − jµξj + λξ0
∑

l≥1

xlplj − κξj ; j ≥ 1,

dξ0
dt

= µξ1 − λξ0(1−
∑

l≥0

ξlpl0) + κ(1− ξ0).
(DNM)

Now we write the equations DLM (with a λ′) and compare these two systems
with each other.

dΞj
dt

= (j + 1)µΞj+1 − jµΞj + λ′
∑

l≥1

Ξlplj − κΞj ; j ≥ 1. (DLM)

As we are only interested in a stationary solution, we have a constant ξ0 in
DNM in the infection process. But then, if we choose λ′ := λξ0, the equations
are the same in DNM and DLM for j ≥ 1. So if we have a stationary solution
ξ of DNM with finite average number of parasites per individual, then with the
choice Ξj := ξj for j ≥ 1 we have a stationary solution for DLM with finite
average number of parasites per individual. This is contradictory to Theorem
4.20 b).

c) Let us first construct a candidate g for the unique nontrivial stationary
solution of DNM with finite average number of parasites per individual in the
following way: We choose g0 := R−1

0 (< 1). Then we define λ′ := λg0. We
now have

λ′θ
µ+ κ

=
λg0θ

µ+ κ
= 1

as g0 = R−1
0 . We know by Theorem 4.20 c) that if log θ < 1/(1 + κ/µ), there

exists a nontrivial stationary solution Ξ of DLM which is unique up to scalar
multiplication. We choose that unique nontrivial stationary solution Ξ

∗
of

DLM which is scaled such that

g0 +
∑

j≥1

Ξ
∗
j = 1.

Our candidate is the g such that g0 = R−1
0 as chosen above and then we choose

gj := Ξ
∗
j for j ≥ 1.
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We now have to check that this candidate satisfies our demands: From Theo-
rem 4.20 c) g inherits nontriviality and that the number of parasites is finite.
Additionally we have chosen g0 = R−1

0 which solves one part of c). We therefore
only have to prove that g is a stationary solution of DNM and that it is unique
under the constraints above. Let us look at the two systems DNM and DLM
(repeated in the proof of part b)). gj , j ≥ 1 is a stationary solution of DLM.
As λ′ is by construction equal to λg0 and g0 is constant, the two systems are
even equivalent for j ≥ 1. So g does satisfy all equations of DNM for j ≥ 1 too.
We have to check the j = 0-equation too. But as the right side of DNM sums
up to 0 this equation must be satisfied too. Therefore we have a stationary
solution. We now have to show that it is unique amongst the nontrivial station-
ary solutions with finite average number of parasites per individual. We prove
this through contradiction. Suppose we have two different nontrivial stationary
solutions p and q of system DNM with finite average number of parasites per
individual. We now construct two different nontrivial stationary solutions p′

and q′ of a system DLM with parameters (λ̃, θ, µ, κ) where p′ is not a scalar
multiple of q′. But this is contradictory to Theorem 4.20 c). In fact we can
simply choose p′j := pj for j ≥ 1 and q′j := qj for j ≥ 1. We choose λ̃ := λp0. p′

is a stationary solution of system DLM with parameters (λ̃, θ, µ, κ) because of
the equivalence of systems DNM and DLM if we choose the ξ0 in the infection
process of DNM to be constant (as it is in a stationary solution). The same
construction can be carried out with q′. We choose λ := λq0. q′ is a stationary
solution of system DLM with parameters (λ, θ, µ, κ) because of the equivalence
of systems DNM and DLM if we choose the ξ0 in the infection process of DNM
to be constant (as it is in a stationary solution). In system DLM we can only
have a nontrivial stationary solution if R0 = 1 because of equation (4.15). But
this must be true for both combinations of parameters:

R0 =
λ̃θ

µ+ κ
=

λθ

µ+ κ
= 1,

and therefore we must have λ̃ = λ and p0 = q0. So in fact we have two dif-
ferent stationary solutions p′ and q′ of the same system DLM with parameters
(λ̃, θ, µ, κ). They both sum up to (1− p0) which shows that neither is a scalar
multiple of the other. So we have two nontrivial stationary solutions of DLM
with finite numbers of parasites where neither is a scalar multiple of the other,
a contradiction to Theorem 4.20 c).

d) Let u be the unique stationary solution of DNM with parameters
(λ, θ, µ, κ) and let v be the unique stationary solution of DNM with altered
parameters (αλ, θ, βµ, γκ) where α, β and γ are each positive. We define
R0 := λθ/(µ+κ) and R∗ := αλθ/(βµ+γκ). We want to show that uj/(1−u0) =
vj/(1− v0) for all j ≥ 1 under the assumptions of Theorem 4.26 d) (if β = γ).
We show this by proving that the proportions amongst the uj , j ≥ 1, are the
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same as the proportions amongst the vj , j ≥ 1. In a stationary solution the
derivatives are all 0. So u must satisfy

0 = (j + 1)µuj+1 − jµuj +
µ+ κ

θ

∑

l≥1

ulplj − κuj , (4.22)

for all j ≥ 1, (we used u0 = R−1
0 = (µ + κ)/(λθ) from part c)) and v must

satisfy

0 = (j + 1)βµvj+1 − jβµvj +
βµ+ γκ

θ

∑

l≥1

vlplj − γκvj , (4.23)

for all j ≥ 1 (we used v0 = R−1
∗ = (βµ + γκ)/(αλθ) from part c) again). To

assume that the ratio κ/µ remains constant means that β = γ. So in fact,
equation (4.23) is equation (4.22) multiplied by β 6= 0. But as we are looking
at stationary solutions, and so the u0 and v0 respectively are constant, these
equation are in fact both linear and so multiplying with a constant does not
change their solutions. Therefore u satisfies equation (4.23) too. But stationary
solutions of a system of type DLM are unique up to scalar multiplication by
Theorem 4.20 c). So both solutions must be equal up to scalar multiplication,
hence the proportions amongst their co-ordinates must be the same too. So
the first part of Theorem 4.26 d) is proved: the ratios ξj/(1 − ξ0) for j ≥ 1
do not change if the vector (λ, µ, κ) is altered in such a way that the ratio κ/µ
remains constant and R0 remains larger than 1.

We are now going to rule out the possibility of other changes. So suppose
that the equations uj = vj(1− u0)/(1− v0) hold for all j ≥ 1, that means that
the ratios uj/(1 − u0) do not change if the parameters are altered. We must
now show that this implies β = γ. But the assumption uj = vj(1−u0)/(1−v0)
for all j ≥ 1 means that u is a scalar multiple of v. So u must satisfy equations
(4.23) too. We can write equations (4.22) and (4.23) in a more convenient form:

uj =
(j + 1)µuj+1 + µ+κ

θ

∑
l≥1 ulplj

jµ+ κ
, (4.24)

for all j ≥ 1. In the same way v (and as we have just seen u too therefore)
must satisfy the following equation:

vj =
(j + 1)βµvj+1 + βµ+γκ

θ

∑
l≥1 vlplj

jβµ+ γκ
, (4.25)

for all j ≥ 1. Let us write Aj for
∑
l≥1 ulplj . As u satisfies (4.24) and (4.25)

we have
(j + 1)µuj+1 + µ+κ

θ Aj

jµ+ κ
=

(j + 1)βµuj+1 + βµ+γκ
θ Aj

jβµ+ γκ

for all j ≥ 1. Simple calculations lead to

β[κθ(j + 1)µuj+1 +Aj(µκ− jµκ)] = γ[κθ(j + 1)µuj+1 +Aj(µκ− jµκ)]

for all j ≥ 1.
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But κθ(j + 1)µuj+1 + Aj(µκ − jµκ) is not 0 for all j ≥ 1 as can be seen in
the equation for j = 1 because u2 > 0 in a stationary solution of DLM if
p10 + p11 < 1. So β = γ must hold which finishes the proof.

�

The only result we found about convergence towards a nontrivial stationary
solution of DNM is

Theorem 4.27 Let log θ ≥ (1 + κ/µ)−1 and ξ be a nontrivial stationary
solution of DNM. For a solution ξ of DNM with initial conditions ξ(0) = y
where

∑
j≥1 jyj <∞ we have the following behaviour:

Case 1) (1 + κ/µ)−1 ≤ log θ ≤ µ/κ: If R1 > 1, then limt→∞ ξ(t) = ξ is
only possible if ξ0 ≥ 1/R1.

Case 2) µ/κ < log θ: If R2 > 1, then limt→∞ ξ(t) = ξ is only possible if
ξ0 ≥ 1/R2.

Proof of Theorem 4.27 We use inequality (4.21) of the proof of Theorem
4.24, that is

m∞α (t) ≤ m∞α (v)−
∫ t

v

(µα+ κ− λθαξ0)m∞α (u)du, (4.26)

for 0 ≤ v ≤ t where m∞α (t) =
∑
j≥1 j

αξj(t). Let us assume that R1 > 1
(or R2 > 1 respectively in the third region for θ) and limt→∞ ξ(t) = ξ. If
there exists an α ∈ [0, 1] such that g(α) := (µα + κ − λθαξ0) > 0, we can
deduce by (4.26) and the Gronwall-inequality that m∞α (t) converges towards 0
for t → ∞. Then ξ must converge towards the trivial solution e0 too which
is a contradiction to our assumptions. In both cases we prove the existence of
such an α by using ξ0 < 1/R1 < 1 (or ξ0 < 1/R2 < 1 respectively in the third
region for θ). With these contradictions we then have finished the proofs.

Let us first assume that 1/(1 + κ/µ) ≤ log θ ≤ µ/κ and ξ0 < 1/R1 < 1.
We choose

α1 := min
(

1,
1

log θ
log
( µ

λξ0 log θ

))
.

Let us first treat the case where α1 = (1/ log θ) log
(
µ/(λξ0 log θ)

)
. Then α1

must be smaller or equal to 1 and because 1/(1 + κ/µ) ≤ log θ ≤ µ/κ we have
α1 ≥ 0. We now must check that g(α1) > 0. We have

g(α1) =
µ

log θ
log
( µ

λξ0 log θ

)
+ κ− µ

log θ
.

This is larger than 0 if

log
( µ

λξ0 log θ

)
+ log(θ

κ
µ ) > 1,
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which is satisfied if
µθκ/µ

λξ0 log θ
> e.

As R−1
1 > ξ0 this inequality is satisfied. Now we treat the case where α1 = 1

and therefore we may additionally use that (1/ log θ) log
(
µ/(λξ0 log θ)

)
> 1.

This is equivalent to µ/(λθ log θ) > ξ0. Therefore ξ0 < min
(
µ/(λθ log θ), R−1

1

)
.

Because log θ ≥ 1/(1 + κ/µ), we have µ/(λθ log θ) < R−1
1 . Hence

ξ0 <
µ

λθ log θ
. (4.27)

Let us now show that g(1) = µ + κ − λθξ0 > 0. By (4.27) this is satisfied if
µ + κ ≥ µ/ log θ. But this is satisfied because log θ ≥ 1/(1 + κ/µ) which ends
the proof of the first case.

Now we assume that log θ > µ/κ and ξ0 < 1/R2 < 1. Define c := 1/R2 −
ξ0 > 0. Then we have

g(α) = µα+ κ− λθαξ0 = µα+ κ− λθα(κ/λ− c) = µα+ κ− θακ+ λθαc,

where we used the definitions of c and R2 = λ/µ. This shows that there exists
an α ∈ [0, 1] such that g(α) > 0 (let α tend to 0). This ends the proof of case
2).

�

Remarks on the basic reproduction ratios V As the results of the
models without mortality and with mortality of individuals are analogous, we
present them together in this summary. We present the results for the models
including mortality and the analogous results for the models without mortality
are added in brackets [.] where necessary.

To begin with we want to remember that in the non-linear stochastic model
with mortality of humans the epidemic finally dies out with probability one no
matter what values the parameters have (Theorem 2.6 [Theorem 2.2]).

In the deterministic models with nontrivial initial values there are exactly
two possibilities for the development of the disease: either the epidemic dies
out or it develops. In case the epidemic dies out we must make clear that
in finite time the number (or proportion) of infected individuals never equals
exactly 0. But in the limit (as time goes to infinity) this is so.

We have to add one remark about the border of the first to the second
region of θ: If log θ = 1/(1 + κ/µ), then we have R0 = R1 [if θ = e then
R

(0)
0 = R

(0)
1 ]. So for example in Theorems 4.24 [Theorem 4.2] it does not matter

whether we include the case log θ = 1/(1 + κ/µ) in case 1) or 2). But due to
the behaviour of the auxiliary Markov process Y described in Theorem 4.10,
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comparing for example Theorem 4.26 b) and c), we see that for log θ = (1+κ/µ)
we have no nontrivial stationary solution of DNM with finite average number
of parasites per individual. Additionally we have R1 = R2 if log θ = µ/κ.
So again, in Theorem 4.24 it does not matter whether we include the case
log θ = µ/κ in case 2) or 3).

In previous parts of chapter 2 which we titled with “Remarks on the basic
reproduction ratios I, II, III, and IV”, we partly explained the meaning of
the relevant combinations Ri of parameters. We know the meaning of R0:
This combination of parameters stands for the average number of offspring
of a parasite during his whole lifetime in the absence of density constraints.
“Absence of density constraints” means that each contact of an infected person
is made with an uninfected person; mathematically: the contact rate λ is not
decreased to the effective contact rate λξ0(t). In the linear models we do not
have these density constraints. But in the non-linear models λ is decreased to
the effective contact rate. Suppose we are looking at a non-linear model and
R0 > 1 but R0ξ0(t1) < 1. So the average number of parasites per individual
declines (see Remark 1 to Theorem 4.25 [Remark 1 to Theorem 4.3]) and we
could expect that the epidemic dies out. But at some time t2 when the epidemic
is near to extinction, ξ0(t2) becomes almost one and so the effective contact
rate gets near to the unaltered contact rate λ and then R0ξ0(t2) > 1 again.
Then the epidemic develops again (at least the average number of parasites
per individual grows again!). Intuitively it is therefore clear, that R0 = 1
must be the threshold condition for the development of the average number
of parasites per individual in the entire system. Therefore R0 would be called
“Basic Reproduction Ratio” in the common theory of epidemiology. But in
our models it is not so that the development of the epidemic can be described
simply with R0 in a satisfactory manner.

Summarised, the results are as follows: In the non-linear model DNM
and in the linear model DLM the threshold results are the same mutatis
mutandis (Theorem 4.24 and Remark 4 to Theorem 4.18 [Theorem 4.2 and
Remark 1 to Theorem 4.8]): If log θ ≤ 1/(1 + κ/µ), the proportion (or number
in DL) of individuals tends to 0 if R0 < 1 and if R0 > 1 the proportion (or
number) of individuals does not tend to 0. If 1/(1 + κ/µ) < log θ ≤ µ/κ, the
proportion (or number) of individuals tends to 0 if R1 < 1 and if R1 > 1 the
proportion (or number) of individuals does not tend to 0. If log θ > µ/κ, the
proportion (or number) of individuals tends to 0 if R2 < 1 and if R2 > 1 the
proportion (or number) of individuals does not tend to 0. In comparison to the
models without mortality of humans a third region was added. Naturally, there
is a difference between the two models DNM and DLM concerning the exact
number of parasites: According to Theorem 4.23 [Theorem 4.1] the average
number of parasites per individual tends to 0 in DNM if R0 < 1 for all θ. The
average number of parasites per individual develops according to Theorem 4.25
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[Theorem 4.3] in model DNM and is therefore mainly governed by R0 being
larger or smaller than 1. It is especially possible that the average number of
parasites per individual tends to infinity but the epidemic dies out nevertheless
(Remark 5 to Theorem 4.25 [Remark 5 to Theorem 4.3]). The analogous result
to Theorem 4.25 [Theorem 4.3] in DLM is equation (4.15) [equation (4.7)]. In
the linear case it is R0 that governs the development of the number of parasites
exclusively. For stationary solutions it is necessary that R0 > 1 in DNM
and R0 = 1 in DLM for to have interesting results.

With the exception of Theorem 2.7 [Theorem 2.2], the results in the deter-
ministic environment are analogous to the results of the stochastic approaches
(Theorems 2.8 and 2.10 [Theorems 2.3 and 2.5]). But there the number of
parasites must be replaced by the expected number of parasites in the linear
model and we do not have an analogous result for the non-linear model. It is
clear that we do not have any nontrivial (= e0 or 0 respectively) stationary
solutions or periodic solutions in the stochastic models.

We have seen that in all deterministic models there are combinations of
parameters which allow for the numbers of parasites to tend to infinity while the
infection dies out nevertheless. We want to make clear that this is not possible
in the stochastic models; there (if the parameters are in that critical region)
only the expectation of the number of parasites converges to infinity. This
difference occurs because in the deterministic models there can well be positive
real numbers

∑
j≥1 ξj(t) tending to zero as t → ∞ but

∑
j≥1 jξj(t) tends to

infinity at the same time. This is not possible in the stochastic environment
because we only have whole positive numbers.

4.6 Open questions

1. In view of Theorem 4.2 [Theorem 4.24 in model DNM], do the infections die
out in model DN [DNM] if the relevant R(0)

i [Ri] equal exactly 1?

2. In view of Theorem 4.4 c) (θ < e and R
(0)
0 > 1) [Theorem 4.26 c)

(log θ < 1/(1 + κ/µ) and R0 > 1) in model DNM], do we have convergence in
DN [DNM] towards that stationary solution ξ

(0)
[ξ]?

3. In all 4 deterministic models: Are there any stationary solutions ξ with
infinite average number of parasites per individual and under which conditions
does a solution ξ converge to ξ? Is such a solution unique?

4. Are there any stationary solutions Ξ
(0)

[Ξ in DLM] of DL [DLM] such
that

∑
j≥1 Ξ

(0)

j =∞ [
∑
j≥1 Ξj =∞ in DLM] and under which conditions does

a solution Ξ(0) [Ξ in DLM] converge to Ξ
(0)

[Ξ in DLM]? Is such a solution
unique?
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