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1. Introduction

In many infections, the main mechanism of increase in the population of the causal
agent in a host is replication within the host. Thus, for these infections, the infectivity of a
currently infected host is largely independent of any new influx of parasites from outside.
Examples of such infections are those caused by many viral, bacterial and protozoan agents.
For this type of parasitic infection, there has long been an established theory to characterise
invasion thresholds and growth rates; see Heesterbeek and Dietz (1996) for a recent review.

There is, however, a large class of infections in which multiplication of the causal agent
within the host plays only a minor role, or indeed does not occur at all. For these diseases,
the development of host infectivity is determined almost exclusively by repeated reinfection
of the infected host. Examples are infections caused by helminths and other parasitic
worms. Unfortunately, the characterisation of growth rates and invasion thresholds for
this class of infections is still an open problem.

Up to now, general definitions of threshold quantities have been borrowed from else-
where. Typically, the threshold has been defined in terms of the mean number of adult
female worms that are produced by one adult female worm during her entire life, in the
absence of density dependent constraints [see e.g. Anderson and May (1991)], which should
be greater than 1 for infection to become established. There are a number of problems
with this definition. One has been pointed out by MacDonald and Nasell [see Heesterbeek
and Dietz (1996)]: in the invasion limit, where the number of parasites converges to zero
in backward time, it can no longer be guaranteed that two parasites are present in the
initial infected hosts, posing a conceptual problem for parasites with sexual reproduction
in the definitive host.

There is a further problem with this definition. It makes no provision for the distribu-
tion among the available hosts of the new adult worms produced by a female. It could be
the case that they all end up in just a few hosts, so that, even if the number of parasites
increased, the number of newly infected hosts might grow much more slowly, or even not
at all. In this paper, we give an example which shows that this situation can easily occur
in models of parasitic infections, even when hosts mix homogeneously. The implication
is that one cannot hope to arrive at a general characterisation of invasion thresholds and
growth rates for parasitic infections, either by looking only at infected hosts generating
new infected hosts, or only at parasites generating new parasites.

Our example is of a parasitic infection in which it is possible for Ry, defined in the
‘usual’ way as above, to exceed 1, and yet for the infection to be certain to die out. This was

first shown in Barbour (1994) in a stochastic formulation of the model. Here we pursue the
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causes and consequences of the phenomenon, trying to elucidate why the behaviour of this
class of models runs counter to existing beliefs. We now work in terms of a deterministic
version of the model, which has the advantage of showing that the unusual behaviour is

not just a product of a stochastic approach.

2. The model and its behaviour.

The model that we investigate was proposed by Barbour and Kafetzaki (1993) to
describe the transmission of certain parasitic diseases. In the model, the infectivity of a
definitive host is assumed to depend upon his parasite burden, in such a way that his rate
A of making potentially infectious contacts always remains the same, but, at any given
contact with an uninfected host, each of his parasites passes on a random number of ‘off-
spring’ to the new host, drawn independently from a fixed distribution with mean 6 and

2, This particular form of contact process serves as a simple model for

finite variance o
parasites which are released in localized groups into the environment, and may then be in-
gested together into a new host. It was originally incorporated into a transmission model
for schistosomiasis, where the real infection process, although somewhat of this general
form, is more indirect, involving an aquatic snail as intermediate host. The model was
nonetheless successful in generating at equilibrium the highly over—dispersed distributions
of parasites among definitive hosts which are characteristic of this disease. However, its
threshold behaviour was found to be somewhat unusual [Barbour (1994)]. Here, we con-
sider the initial behaviour of the model in more detail, with main emphasis on the rate of
growth.

Since the initial development is our object of interest, we study the Whittle (Markov
branching process) approximation to the initial stages of such an infection process. Apart
from the infection mechanism described above, all that we need assume is that parasites
have independent negative exponentially distributed lifetimes with mean 1/u, and that
the process is time homogeneous. For each j > 1, we let X; € Z, denote the number
of definitive hosts with j parasites, so that there are infinitely many ‘types’ of hosts, one
for each possible parasite burden: this specification is used to accommodate the different
infectivity of hosts with different parasite burdens. The model is then specified by the

(Markovian) transitions
{Xj-)Xj—l, Xj—l —>Xj_1+1} at rate j,U,Xj, j22,
{X1 — X1 -1} atrate pXy;

{Xk—>Xk+1} at rate )\Zijjk, k>1.
Jj21

(2.1)
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Here,
J
pik =Py _Z =k,
=1

and the (Z;, [ > 1) are independent and identically distributed, with IP[Z; = k] = p1x, so
that
0 = Z kpie and o2 = Z(k —0)%p1y < o0;
k>1 k>0

the common distribution of the Z; is that of the number of ‘offspring’ of a parasite at a
single infectious contact. The first two transitions correspond to deaths of parasites, the
third to infections: note that the latter is in a form consistent with the infected hosts
making contacts independently of one another. The initial values (X;(0), j > 1) are taken
to be such that X;(0) = 0 for all but finitely many j, so that the initial number of infectives

is finite, and this in turn implies that

ZXj(t) < oo and  sup Z]EXj(s) < oo forall t>0. (2.2)

In the usual time homogeneous models of epidemics in populations of independently
mixing individuals, the epidemic threshold theorem takes the form that a ‘large’ outbreak is
impossible if Ry < 1 and possible (certain in deterministic formulations) if Ry > 1, where
Ry is the basic reproduction number. Ry can typically be interpreted as the dominant
eigenvalue of the mean matrix in a multi-type Galton—Watson process, with the time
step being one ‘generation’ of infection in the original epidemic model, and the threshold
theorem in these terms becomes the criticality theorem for branching processes [Athreya
and Ney (1972, Theorem 2, p 186)]. In our model, whatever the initial parasite burden of
a newly infected host, each of his parasites has an average of A\0/u offspring over its whole
lifetime. This suggests the definition of Ry = A0/u as the basic reproduction number for
the parasite population. The definition is supported by looking at transmission from the
hosts’ point of view; the IN x IN mean rates matrix associated with the Markov branching
process (2.1) has a positive right eigenvector with eigenvalue Ry. However, it is shown in
Barbour (1994, Theorem 2.1) that, with this definition, Ry = 1 is only critical if 8 < e,
and that for # > e the threshold occurs when Aelogf/p = 1. In the remainder of this
section, we outline the behaviour of the model in greater detail; the proofs are deferred to
the later sections.

We concentrate attention on the deterministic analogue of (2.1), partly for simplicity,

and partly to emphasize that the phenomena we describe do not arise purely because of a
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‘stochastic’ formulation of the model. The deterministic version is given by the monotone

system of linear differential equations

dz; ) . .
d—tj = (j+ Dpxjs1 — jpx; + )\leplj, Jj>1, (2.3)
I>1

where z;(t) € Ry for each j and for all ¢ > 0, and where the initial values (z;(0), j > 1)
are such that > j>17Tj (0) < oo. That these equations are indeed a deterministic analogue
of (2.1) is shown in the following theorems. In order to state them, we need a deterministic

condition reflecting (2.2):

Theorem 2.1. Let (X(M), M > 1) be a sequence of Markov branching processes as
specified in (2.1), having initial values XM)(0) such that ZjZIXJ(M)(O) < o0 and such
that M~ XM)(0) — (0 where 0 < dois1 xgo) < 00. Then M~ X®M) converges weakly
in D*°[0,T] for each T > 0 to a non—random process x, which evolves according to the
differential equations (2.3) with initial state (0) = £(°), and satisfies Condition C.

Theorem 2.2. Let X be a Markov process with rates given in (2.1) and with initial state
X (0) satisfying Y-, X;(0) = M < oo, and set () = M~1X(0). Then ¢ defined by

&(t) = M7 B{X;() X (0) = Mz}

satisfies the differential equations (2.3) with £(0) = (), as well as Condition C.

Thus the initial values x;(0) in (2.3) can be taken to represent the initial propor-
tions of the different types of infectives in a large mixing population, in which case the
initial condition >, 2;(0) = 1 is appropriate. The z;(¢) then represent the numbers
of the different types of infective at time t, expressed relative to the total number of ini-
tial infectives. Since the total number of infectives can grow or decline with time, it is
not reasonable to suppose that 3 i>1%j (t) = 1 for all t. However, the fact that the so-
lutions of (2.3) which are interesting as approximations to the behaviour of (2.1) satisfy
Condition C is reassuring, in view of (2.2).

Equations (2.3) can be written in the vector form & = xR, with

Rij = ip(0i—1,5 — 0ij) + Apij, i,j > 1, (2.4)
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where 0y; is the Kronecker delta. Since z(t) € IRY and all the off-diagonal elements
of R are non-—negative, the notation is unambiguous. The matrix R has a positive right

eigenvector v with components v; = j, j > 1, since

(Rv); = ip{(i — 1) — i} + A ijz’j = —ip+ \if = (A — p)u;, (2.5)

which apparently suggests that the solution of (2.3) grows if Ry > 1 (A0 — p > 0) and
declines otherwise, but the fact that there are infinitely many coordinates complicates
matters. Nonetheless, it follows from (2.5) that the matrix S defined by

Sij =

LSS,

(Rij — (A0 — p)diz), 6,5 =1, (2.6)

has non—negative off-diagonal elements and satisfies
1 .
ZSM = ;ZJRU — (A0 —p)=0
Jj21 Jj>1

for all 4 > 1, and is thus a ‘Q-matrix’ in the sense of Markov chain theory [Chung (1967)]:
we write
Si==Su =M+ p(i—1) = Apii, i>1
Furthermore, if y(#) is a non-negative solution of § = yS with y(0) = y(©), then setting
zi(t) =ty 0T 20, 2 1, (2.7)
_ i1

yields a non-negative solution to & = zR with z;(0) = j yj(-o), since

i =7 (G5 + (A0 — p)y;)eA0—
= [Z YiSij + (A0 — M)yj] A=t

i>1
=57 i Rige O = Y iy,
i>1 izl

Similarly, starting with a non—negative solution of & = xR, one obtains a solution of y = yS
from (2.7). Thus the solutions of (2.3) are simply related to the solutions of y = yS, for a

specific Q—matrix S. This enables one to prove the following theorem.
Theorem 2.3. The equations & = zR, 2(0) = (O, with £(°) such that 0 < dis1 x;_o) <

00, have a unique non—-negative solution satisfying Condition C. The solution is given by

zi(t) = 7 (Dl Py (1) = §]) Mo, (2.8)



where Y is the unique pure jump Markov process with (Q-matrix S and IP; denotes prob-
ability conditional on Y (0) = 1.

(0)
J
to a finite initial number of parasites, rather than infectives, the solution can be even more

Remark 2.4. With the more restrictive initial condition ) j>1JT; 0 < 00, corresponding

simply expressed, as

zi(t) = 7 (3 ) X0 PO (1) = ), (2.9)

where IP(?) denotes probability conditional on the initial distribution
POY(0) = 41 = o /(1)
1>1

(0)

for Y. From now on, we shall always assume that » i>1 Jr;’ < ools satisfied.

For z given by (2.9), we always have

ijj(t) = (Z l.rl(o)>e(’\9_”)t, (2.10)

i>1 I>1

growing with ¢ if and only if Ry > 1. Thus Ry is appropriate for characterizing the asymp-
totic behaviour of 3°,-, jx;(t). However, for a ‘large outbreak’ in the epidemiological
sense, it is the behaviour of }° ., z;(¢) that is relevant, and this may be rather different.
In fact, if Y is irreducible and positive recurrent, there is a probability distribution 7 on IN

such that IP[Y (t) = j] — m; as t — oo, irrespective of the value of #(°), and hence
- 0 _
S a0 (X577, ()t
Jj>1 j>1 I>1
has its growth or decay characterized by Ry. However, if Y is null recurrent or transient,

lim Y 'Y (t) = j] =0, (2.11)

and the ‘natural’ asymptotic order e~ always overestimates that of 3 j>175(t). Thus
the recurrence classification of Y is a first important step in understanding how .-, z;(?)

behaves. This is the substance of the next result.
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Theorem 2.5. The Markov process Y is irreducible if p11 + p1o < 1. Assuming this, Y is
positive recurrent if Rylog 6 < 1, null recurrent if Rylogf = 1 and transient if Rolog6 > 1.
If p11 + p1o = 1, Y is eventually absorbed in state 1.

As a consequence of Theorem 2.5, if p11 + p1o < 1,
vy (0) ~ 5y (3 ] ) e
I>1

exactly when Rgplogf < 1. Under these circumstances, growth or decay is determined
by whether Ry > 1 or Ry < 1 holds (with Ry = 1 implying asymptotic stability), the
exponential rate is exactly (A0 — u) and, whether growing or declining, the proportions of

hosts with j parasites, 7 > 1, converge as t — o0:

lim e~ M=ty (1) = j7ln; <lel(0)> (2.12)

t— 00
>1

tgxgo{xj(t)/le(t)} - j_le/(Zl_lm>. (2.13)
I>1 I>1

In particular, if & < 1, the behaviour is as in (2.12) and (2.13), whatever the values of

and

A and p. This includes the case pi1 + p1o = 1, for which one takes 7; = 1 and 7; = 0
otherwise.

If 1 <0 <e, then Ry <1 entails Rylogf < 1, so that, for fixed 6 in this range, (2.12)
and (2.13) are true for all choices of A and p such that Ry < 1, that is, such that A/p < 1/0,
and indeed for all values of A/u up to, but not including, 1/{flog#}. Since increasing A
while leaving # and g unchanged increases x(t) for all ¢, it follows that Ry = 1 is the
critical value separating growth from decay for 6 in the range 1 < 0 < e also. However, if
A p > 1/{0log0}, (2.12) no longer holds, and all that can immediately be guaranteed is
an exponential growth rate of at least

1
log 6

(1 —logh) —e < A —p

for any € > 0. More precise statements about the behaviour when 1 < # < e, and even the
most elementary properties when 6 > e, require a more detailed analysis of the process Y.

Our main result in this direction is the following.

Theorem 2.6. The solution (2.10) to the equations & = zR, x(0) = (), for initial
(0)

conditions satisfying 2121 jx; < oo, is such that the limit



exists, and is given by
A — if Rologt < 1;
c(\p,0) = { Roi‘igge(l + log(Rplog#)) — p if 1 < Rylogf < 0;
A if Rglog > 6.

Remark 2.7. In particular, c < 0if § <e and Ry < 1, or if # > e and Ry < 0/(elog®),
these being the same threshold conditions as for the stochastic model (2.1). In addition,
Theorem 2.6 also gives an exact exponential rate of growth or decay. Note, however,
that the conclusion of Theorem 2.6 is not quite strong enough to justify a result analogous
to (2.12), nor would it in general be correct: for § < e and Rylogf = 1, we have c(\, i, 0) =
A0 — p, but, from Theorem 2.5,

e—(w—“)txj(t) _ j_1<zl$z(0)>]P(0)[Y(t) =j]—0.
I>1

The form of the exponential rate c(\, i, 6) depends on the properties of the auxiliary
Markov process Y, which emerged purely as an analytical aid in (2.6). It also has a
biological interpretation. Suppose, in an infinite population setting, that ¢; = ¢;(t) denotes
the proportion of parasites at time ¢ which are living in hosts who have exactly ¢ parasites;
thus g; = iz;/ Y-, jrj. Using (2.3) and (2.10), it follows that

Gi = ipgiv1 — [(1 = Dp+ Mg + XD ql ™ Vipy, (2.14)
I>1
so that the ¢;(t) solve the forward Kolmogorov differential equations for the Markov pro-
cess Y; q;(t) = IP[Y (t) = i], with IP[Y(0) = ] assigned according to the initial constitution
of the population. Thus the distribution of Y (¢) is that of the number of parasites in a host
which is selected at time ¢ by choosing a parasite uniformly at random, and then fixing on
its host.

Our discussion so far has been in terms of the evolution of the model (2.1) in real time.
However, the basic reproduction number is usually defined by considering the reproductive
success of an individual in terms of its offspring in the next generation; see, for example,
Diekmann, Heesterbeek and Metz (1990). What does the infection process look like, if it
is described in terms of its evolution in time measured by generations of infected hosts?

As before, it is important to distinguish hosts according to their infective potential.
Here, a type ¢ host denotes a host who was initially infected by ¢ parasites. The expected
number Tj; of type j ‘offspring’ in the next generation of infection arising from a single

type ¢ host is then given by

Ti; = )\/ sz'l(t)plj dt,
0 4=
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where P;;(t) is the probability that, at time ¢ after its infection, a type ¢ host has exactly [
surviving parasites: Py (t) = IP[Bi(i,e™#*) = I]. Since [;° Py(t)dt = 1/lp, the expected

length of time for which exactly [ parasites are alive in the host, we thus find that

Ao
Tij = — Zl 1plj- (215)
H =1

Note that ., jT;; = iA0/u = Roi; on average, parasite numbers are multiplied by R
in each generation.
The expected evolution, now with generation as the time parameter, is described by
the discrete difference equations
(™ = (=D (2.16)

where (™ denotes the expected numbers of hosts of the different types in generation n.
The operator T' (or more precisely its adjoint) corresponds to the next-generation operator
as introduced by Diekmann, Heesterbeek and Metz (1990). These equations are analogous
to (2.3), with T'— I corresponding to R, and have solution ™ = zO7"  To find its
behaviour, note that the matrix L defined by

i

J 1 1
Lii =T, = — [ ; 2.1
I iRy Y T 0 Z JPLj (2.17)

is stochastic (L — I corresponds to S), and that

Ti; = RyilLi;/j- (2.18)

Hence the development of (™ depends on the properties of the Markov chain Y with
transition matrix L. In contrast to the evolution in real time, the matrix L does not
involve X\ or pu, so that critical values for determining the form of the growth exponent
of (™ have to be different from those in Theorem 2.6. Tt turns out that the situation is

rather simpler.

Theorem 2.8. The Markov chain Y with transition matrix L defined in (2.17) is positive

recurrent if @ < e, null recurrent if @ = e and transient if @ > e. Furthermore, the limit

exists, and is given by
Ry ifd <e;

Aelogf/p if 6 > e.



The contrast between Theorems 2.6 and 2.8 indicates that the way in which genera-
tions of infection overlap in real time also changes in character, depending on the parameter
values. As an aid to understanding this, let ¢;x = gix(t) denote the proportion of parasites
at time ¢ which are living in hosts who have exactly ¢ parasites and belong to the k-th

generation of infection. Then the analogue of (2.14) yields

Gie = ipgivrn — [(6— D+ Mgir + A que—1l™"ipu. (2.19)
I>1

Thus the ¢;x(t) solve the Kolmogorov forward equations for a two dimensional Markov
process (Y, Z) with transitions

(j,k) — (j— 1, k) atrate (j—1)u; (2.20)

(. k) = (I,k+1) atrate Xj~'pj,
for j,1 > 1, k > 0. Hence the distribution of (Y (¢), Z(¢)) can be interpreted as the status,
in terms of number of parasites and generation, of a host selected at time ¢ by choosing a
parasite uniformly at random and then taking its host. The first component is the same as
the original auxiliary Markov process Y. The second component Z is a Poisson process of
rate A0, showing that the proportion of parasites at time ¢ which are living in generation &
hosts is given by e (\0t)* /k!. Hence also, using (2.10), the proportion of the parasites
of generation k which are alive at time ¢ is given by e #*(ut)¥/k!. These are the same
proportions as expected in a linear birth and death process with per capita birth rate A0
and death rate p, suggesting that the overlap of generations in terms of parasite numbers
remains entirely normal. However, host type and generation are not independent of one

another: instead, we have the following result.

Theorem 2.9. For the Markov process (Y, Z) with transitions given in (2.20), we have
E{y" 270 Y (0) =i, 2(0) = 0} = X" C7VE{y> | ¥.(0) = i},

where Y, is the auxiliary Y —process obtained when X is replaced by Az. In particular,
because the distribution of Y, is not the same as that of Y, Y (t) and Z(t) are not inde-
pendent.

Despite Theorem 2.9, it still makes sense to ask whether the distributions of Y ()
and Z(t) are in some sense asymptotically independent. If Rylogf < 1, the Y—process is

positive recurrent, and so Y (¢) has a limiting distribution 7 as ¢ — oo. The distribution
of Z(t) never converges, but that of Z(t) = t='/2{Z(t) — A0t} has limit A’(0, A\d). In the
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case when Rylogf < 1, it follows from Theorem 2.9, by setting z = exp{—st~/?} and
letting ¢ — oo, that the pair (Y (¢), Z(t)) has © x N(0,A0) as limiting distribution, with
independence between the components.

Thus, sampling in real time, the distribution of host type settles asymptotically to
a fixed distribution which is independent of generation number, whenever Rylogf < 1.
This remains true even when 6 > e, although, under these circumstances, the number of
hosts in generation n decreases like { Rgelog#/0}™ instead of like R{}, and so the average
number of parasites per host at infection in generation n grows like (6/elog#)™. That these
apparently different kinds of behaviour can coexist seems surprising. However, there are
two factors which could help to account for it. First, even if the average number of parasites
per host tends to infinity with generation number, it need not be the case that the ‘typical’
number of parasites per host, which is described by a probability distribution, also tends to
infinity — a proper probability distribution can well have infinite mean. Secondly, a host
with a large initial parasite load spends a longer time infected than one with a small initial
load, but for most of this time the bulk of his initial parasites are already dead. However,
from an epidemiological point of view, this combination of parameters is uninteresting,
since then Ry < 1 also, and the infection dies out.

The more interesting case is that in which Rplogf > 1 and 6 < e. This implies
geometric growth of host and parasite numbers like R in terms of generations, but a
slower exponential rate of growth in real time for the number of infected hosts than the rate
e(A0=mt for the number of parasites. Thus, in real time, the average number of parasites per
host tends to infinity exponentially fast, although it remains steady when time is expressed
in terms of number generations. Once again, a proper distribution can have infinite mean;
also, it is now not obviously the case from Theorem 2.9 that generation number and host
type are asymptotically independent, so that the way in which the generations overlap may
be biassed by parasite burden. In both of these curious cases, the difficulties in interpreting
the results arise because the hosts are sampled according to a scheme weighted by parasite
number. Such a scheme has no meaning when the mean parasite burden is infinite, as may

asymptotically be the case.

3. Proofs
Proof of Theorem 2.3.

The proof of Theorem 2.1 actually uses Theorem 2.3, which we therefore start by

proving.
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Lemma 3.1. The matrix S is the Q-matrix corresponding to a regular (non-explosive)

pure jump Markov process (Y (t), t > 0).

Proof. Since Y is positive integer valued, it can only make infinitely many jumps if it
makes infinitely many upward jumps. However, upward jumps occur according to a Poisson

process of rate A, so that only finitely many can occur in finite time, with probability one.

Lemma 3.2. Let (g(j), 7 > 1) be a bounded non-negative sequence. Then if, for some
ceR,

> Sijg(i) < (>) eg(i) forall i>1,
j>1

it follows that
e “Bg(Y(t)) < (>) Eg(Y(0)) forall t>0.

Proof. Let the jump times of Y be denoted by (7,, n > 0), with 79 = 0, and set M,, =
e~ ¢AT) (Y (t A 7,)). Then, assuming the first direction in the inequalities, the sequence
M, is a supermartingale with respect to the o—algebras F, , where Fs = o(Y (u), 0 <u <
s). To see this, take any n > 0,0 < s < t and 7 > 1, and compute

E(Mn—H |f7n N {Tn =S, Y(Tn) = Z})

t
— exp(=Si(t = )gli)e ™ + [ IS S5(7)e " du
5 J#i

t
< exp(—S;(t — 5))g(i)e™ 4+ g(i)e ™ **(c + S;) / o—(c+Si) (u=s) ,,

Hence, for all n > 0,

E{e " g(Y(t A 1))} = E{e™g(Y ()]t < 7]} + E{e™ ™ g(Y (r2))I[t > 7]}
< TEg(Y(0)).

Letting n — oo, monotone convergence and Lemma 3.1 show that
E{e™g(Y(t)I[t < ]} T e “Eg(Y (1)),
whereas

0 <TE{e “g(Y (1)) [t > 7]} <exp{tmax(0,—c)} squ(j)]P[t > 7,] = 0.

The argument with the inequalities in the other direction is similar.
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Lemma 3.3. If } o« ;0) < 00, the equations & = xR, z(0) = z(© with 2® > 0

(componentwise) have a non—negative solution

_1<le O)Pz _J]) (AO—p)t (3.1)

I>1

which satisfies (C).

0) _

Proof. Suppose first that x;’ = d;, for some k > 1, so that the corresponding y(©) g

given by yl( ) = = kdj. Then, from the standard Markov theory, ¥ = yS has a solution given
by

yi(t) = KP[Y (1) = 5], 7 =1,

and this solution is the minimal non—negative solution with the given initial condition.

Hence, from (2.7), & = xR has a solution

zi(t) = jTHRPKLY (8) = feP0 70 = 7L (ST 1P [V (1) = j]) P00,
1>1
in agreement with (3.1). Linearity now implies that (3.1) is a solution for all initial vec-
tors £(®) which have only finitely many non-zero components.
To solve the differential equations 4 = xR for an arbitrary initial condition z(®) > 0
with 2.5, 5 ) < 0, use (2.7) and instead solve the equations § = yS with an arbitrary
initial condition y(®) > 0 satisfying > i>1 ' yj(.o) < 00. The differential equations § = yS

can be rewritten in integral form as

i (t) = 3 (0)e ™S + / 3 i) Sige= O ds (3.2)

1£]

Thus, if y(©) > 0 is an arbitrary vector with Zj>1j ( ) < 00 and if y[ I solves y=yS

J
(0) lj<m, it is immediate that y][ ](t) is increasing in M for each

fixed j and ¢. Hence it follows from monotone convergence in (3.2) that y = limps_, o0 y!M!

with initial condition Y;

satisfies (3.2) with initial condition 3(%), this y being explicitly given by
=Y Py () = j).
I>1

Hence, from (2.7), the solution x proposed in (3.1) indeed satisfies the equations & = zR.
That this solution is not infinite, and indeed satisfies (C), follows by taking g(j) = 7! in

Lemma 3.2, for which we have

Z Sij9(j) =p— i (i — 1) + A0 + it A Zpij < eg(7),

J21 g1
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for c = — (A0 — ) + A. Thus

Zy—llpl =jl<i7te,
from which it follows that, for = as in (3.1),

Zl,j <Zl$(0)l LAt

j>1 I>1

Lemma 3.4. The solution given in (3.1) is the only non—negative solution which satis-
fies (C).

Proof. The differential equations x = xR can be rewritten in integral form as

zj(t) = x;(0) +/0 {(G+ Dpzjt1(u) — jpx;(u) + )\le Ypij tdu, j>1. (3.3)

To simplify the algebra, we also introduce an x(t), which does not influence the other z ()

in the system of differential equations. We let zy(¢) develop according to the equation

t
zo(t) = 2(0) + / {pz1(u) + )\le Ypio} du, (3.4)
0 1>0
with x0(0) = 0.

We prove Lemma 3.4 by showing that each non-negative solution of £ = xR which
satisfies Condition C has the same Laplace transform, and then applying the uniqueness
theorem. To obtain the Laplace transform, we multiply the j equation in (3.3) (or (3.4) if
4 =0) by e77%, for any fixed s > 0, and add over j > 0, obtaining

B(5.1) = §(5,0) /{u (1= o) 220 (g (s). ),

where ¢(s,t) = > .5 z;(t)e™% and ¢(s) = >i>0 e *Ipy;. Differentiating with respect
to t then leads to the partial differential equation

0¢(s,t) s 09(s,1)
T SR >

+ Ap(—log (s), ).
This can be integrated in s > 0, ¢t > 0, using the method of characteristics, in the form
t
$5:1) = B0 o) + [ AG(- logh(o(w). ) du (3.5)

15



for any v, and in particular for v = 07 where
Us,t(u) = —log{l1—(1-— e_s)e—u(t—U)}_

Now if ¢V and ¢ are two non-negative solutions of # = 2R which satisfy Condition C,
they give rise to functions ¢, and ¢9 satisfying (3.5). Under Condition C, it follows from
(3.4) and Gronwall’s inequality that

M, = max sup Zﬁ?(r) < 00,
1=1,2 0§”§“’j>0

for all w > 0. For all ¢, 0 < ¢ < w, we thus have 0 < ¢;(s,t) < M,, for i = 1,2. Suppose

now, that for any v > 0, ¢1(s,v) = ¢2(s,v) for all s, as is certainly the case for v = 0. Let

dyw = sup sup|di(s,t) — pa(s,t)| < My < oc.
v<t<w s>0

Then, from (3.5), for v <t < w,

¢
41(56) = da(ss ] <X [ 62(~ 108 $(0s(0)), 1) = da(~ Log (), )| du
<At —0)dyy < Mw — 0)dyy,
from which it follows that dy.,, < A(w —v)dy.,, implying in turn that d,,, = 0 for w < v+ %

Iterating this procedure, starting with v = 0 and continuing in steps of %, shows that

b1(s,t) = Pa(s,t) for all s > 0 and ¢ > 0, which completes the proof of the lemma.

Lemmas 3.3 and 3.4 comprise the proof of Theorem 2.3.

Proof of Theorem 2.1.

For all j > 1 and = € RY, define the functions
a;j(x) = (j + Dpwjr — jpw; + XY wpij;
I>1

bi(x) = (j + Dpajor + jua; + X > wipy,
1>1

and the random processes

1 t

VM) =UM@)? - M

J bj (‘TM (u))du,
where M (t) = M~' X M) (t). Further, let GM denote o{zM(s), 0 < s < t}.

16



Lemma 3.5. UJM (t) and VjM (t) are GM —martingales.

Proof. Tt is enough to modify the arguments in Hamza and Klebaner (1995, Theorem 2
and Corollary 3), replacing their Condition C with the bound

|aj(2)] < bj(x) <2(AV p)(j+1) sz

whenever it is used, and observing that, for any 7' > 0,

IE){ sup Zale(t)} < e, (3.6)
0<t<T 157

This last is true, because 5, X J(M) () only increases at an infection, and infections occur

at a total rate of \ 2j>1 Y k>t XjM
birth process with per capita birth rate A, (3.6) follows.

)pjk <A Zj>1 X](-M); thus, by comparison with a pure

Lemma 3.6. For each j, the sequence {x}'}ar>1 is tight in D[0,T] and any weak limit
belongs to C[0,T].

Proof. We apply Billingsley (1968, Theorem 15.5), for which we need only to check that,
given any €,n > 0, we can find §, My > 0 such that, for all M > M,

P sup |a:;VI(t) — a:;VI(s)| > €] <. (3.7)
0<s<t<T;t—s<0d

JFrom the definition of U, JM , it follows that

@ (0) = a3 ()] < U0 = U @) + [ g™ )
<O -UME+ [ Ova2e+) Yl (38)

I>1
Now, by the Doob-Kolmogorov inequality for martingales, for s arbitrary but fixed,

36

S E[(U} (s +0) = Uj"(s))’]

Pl sup |UM(t) - UJM(S)QE]_

s<t<s+d €

— ;]?4]13[/:4& bj(xM(u))du] < GSLE[/:M()\\/M) 2 +1) Y aM(u du]

>1

. s+6 . eAT
_ 72(j —i—621])\/—([)\ V ) /s E[Z le(u)] du < 72(5 + lzgj\\/—;/ ©)d ’

I>1
(3.9)

17



where the last inequality follows from (3.6). For the second term in (3.8), comparison
with the pure birth process with rate A immediately gives an estimate which is uniform in
s€[0,T):

46(j + YAV pw)erT

t
P sup / AV p)2(5+1) E oM (u)du > < . (3.10)
0<s<t<T;t—s<dJs €

Hence, given £,1 > 0, pick & so small that 46(j + 1)(A V p)e*T < en/2 with § = T/r
for some integer 7, so that the estimate in (3.10) is at most /2. We then choose My so
large that, for all M > My, 72(j + 1)(AV p)erT < e2Mn/2T, so that, from (3.9),

M 775
P[A] < oF

for any s € [0,T] and M > Mo, where AY := {sup, ;<5 |U]M(t) - UJM(3)| >¢e/6}. With

these choices, we have
r—1 r—1 rnd
Pl sup  [UM@)-UM(s)| > /2 <P AM] <Yl < IR = 2
0<s<t<Tit—s<3 = P 2
for all M > Mj. This completes the proof of (3.7).
Lemma 3.7. Given any infinite subsequence N1 of IN, there exists a subsequence No C N1

such that M converges weakly in D*®[0, T| along No. We denote the limit by x* = x*(Ny).

Proof. It is enough by Prohorov’s theorem to show that the sequence zM is tight in
D>[0,T]. Given ¢ > 0, let K; be a compact set in D[0,7] such that ]P[x;‘/[ € K;] >
1 —277e: such a K; exists, by Lemma 3.6. Then K = Hj21 K is compact in D*[0,T],
and P[zM € K] > 1 —e.

Lemma 3.8. 2™ = a:*(Ng) imp]ies that UM = Uy in D[0,T] along Na, for any j > 1:
here, U = x3(t) — fo aj(z*(u)) du.

Proof. The index Nj is suppressed throughout the proof. Define the functions

h(z)(t) = ;(t) — z;(0) - /0 [+ D (u) = juaj(u) + XY a(wpy]d

and, for any k& > 0,
t
hi(2)(t) = z;(t) — 2;(0) — / [+ Dpajn () = jpai(u) + XY (zi(u) A k)pyj] du.
0

18



Then if z € D*[0, T] satisfies supgc;<r D ;54 |7j(¢)] < 00, both h(z) and hy(z) are ele-
ments of D[0,T], and UM (t) = h(z™)(t) and U (t) = h(x*)(t). We thus need to prove
that

lim W[f (h(z™))] = E[f (h(z"))] (3.11)

for each f € C*(DI0,T)).
Observe that, for any such f and any k£ > 0, we have
B (h(z™))] = ELf (h(z*)]| < [E[f (h(z™))] = BLf (hy («™))]
+[B[f (h(z™))] = BLf (i ()] + [E[f (he(z*))] = B[f (h(z"))]].
For the first term in (3.12), it follows from (3.6) that

L (b))~ B (™)) < 20712 sup S0k (1) > k] < 27T/,

=7 g1

(3.12)

A similar argument can be used for [IE[f(hg(z*))] — IE[f(h(z*))]], since

J
Pl 320500 > 6] = Jim ®f sup 355500 > ] -

J
< i 1"f1P[ M | <er
< fim it e 20" (0)> ] < e/

because ¥ = z* and from (3.6). Finally, hy is continuous at all points of C*°[0, T] and
P[z* € C*[0,T]] = 1 in view of Lemmas 3.6 and 3.7; thus hy(z™) = hi(z*), and so the
remaining term |E[f(hg(2™))] — E[f (hx(x*))]| in (3.12) is small as M — oo. Because k

was chosen arbitrarily, this proves (3.11).

Lemma 3.9. #™ = 2*(N,) implies that

IP| sup |UM()|>€ —0
0<t<T

along Ns, for each 7 > 1 and € > 0.

Proof. By the Doob-Kolmogorov inequality applied to UJM and from the martingale
property of VjM , it follows that

Pl W) > < SEUN TR < 7 L [ Bl

/T2(j+1)()\\/u)e)\Tdu:2(J DAV @) Te>

<
— Me2 Me2 ’
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which converges to 0 as M — oo.

As a consequence of Lemma 3.9,

P|z}(t) =z

t
; j(0)+/0 aj(x*(u))du forall 0<t<T|=1,

for any weak limit 2* = 2*(N;). Thus z* satisfies (2.3) with 2(0) = 2(?), as required. By
Theorem 2.3, there is only one solution of (2.3) that satisfies Condition C. It thus simply
remains to be shown that any z*(N3) satisfies Condition C; but this follows from (3.13).
This completes the proof of Theorem 2.1.

Proof of Theorem 2.2.

Let m;;(t) = IE{X;(t)| X(0) = e;}, where e; denotes the i-th coordinate vector in
IR°°, and note that

&)= oVmy(1).

i>1
By the comparison with a pure birth process in (3.6), we have
0< Zmij(t) < eM < oo

g1

for all 4 > 1 and ¢ > 0. Thus .5, &(t) < eM < oo for all ¢ also, and Condition C is
satisfied.
By the Markov property, since

E{X;(t+h) |G} =Y Xi(tymi;(h),

i>1
where G; denotes (X (s), 0 < s <t)and h > 0, it follows that
BHE(E+h) = &(0) = Y GO mig(h) + &(8)h™ (my;(h) — 1), (3.14)
i#£]

Using the branching structure of X and conditioning on the time and outcome of the first

transition, we then have

h
mi;(h) = 5,~je_(}‘+i”)h+/ e—(/\+iu)u{iumi_l,j(h—u)—}—)\ Zpil{mlj(h—u)—i-mij(h—u)}} du,I
0 1>0
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with mg;(t) taken to be zero for all ¢, so that

h
e(>‘+“‘)hmij(h) =6 + /0 e()\+zu)v{ip,m,~_17j(v) + Amj(v) + A Zp,-lmlj(v)} dv;
1>0

hence each m;; is differentiable, and

mij(0) = 8555 m4;(0) = ipd; j41 — ipdij + Apij. (3.15)
Again by comparison with the pure birth process, we have

0<h™tmi;(h) <h HeM —1) <Xt inh <1,

uniformly for all i # j, and hence, since 3.+, §;(#) < oo, dominated convergence as h — 0
in (3.14) shows that

&)= &) {indijp1 + Apij} + & {—jn + Apji},
i#]

so that ¢ satisfies (2.3) with £(0) = z(%),

Proof of Theorem 2.5.

Observe that S;;—1 > 0 for all ¢ > 2. If pi; + pio = 1, it follows in addition that
Si; = 0 for all j > 4, and hence that state 1 is absorbing and that Y eventually reaches it.
On the other hand, irreducibility under the condition p11 + p1g < 1 is immediate, because
then, for any 4, there is a j > 7 with S;; > 0.

For the remainder of the proof, we therefore have p11 + p1g < 1. We argue using the
criteria of Foster (1953) and Tweedie (1975, 1976) throughout.

We begin by showing that Y is positive recurrent if and only if Ryglogf < 1. If
Rologh < 1, we verify the conditions for positive recurrence given in Tweedie (1975,
Theorem 2.3(i)), for which it is enough to show that > .-, Sijlogj is finite for all i and
bounded above by —(u — Aflog6) < 0 for all ¢ sufficiently large. Now

> Sijlogj = p(i — 1)(log(i — 1) — logd) + Xi™" > jps;logj — A0 logii
i1 i>1

< —pi~ (i — 1) + Mlog(if + 0% /0) — A0 log i,

by Jensen’s inequality applied to the distribution with probabilities jp;;/(if), j > 1, with
the function log x; for ¢ = 1, define (i — 1) log(i — 1) = 0. Hence

> Sijlogj < Mlogh — p+i~" (u+ Ao/0),
i1
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and the result follows.
If Rologfh > 1, we use instead a theorem for continuous time pure jump Markov
processes which is analogous to Tweedie (1976, Theorem 9.1(ii)); to prove that Y is null

recurrent or transient, it is enough to check that

> " Sijlogj > A0log — i >0 (3.16)
j=>1
and
ZSij|logj—logi| <p+AO°+0%+1) <0 (3.17)

J=1

for all ¢« > 1, while observing that inf;>; S; > 0; this last follows from

inf Sz > mm{)\(ﬁ — p11), 1% + )\(9 — suppn')},
i>1 i>2
because 0 = 7! 2j21jp,~j > p;; for all 4 and p11 < 0 if p11 + p1o < 1. A proof of the
theorem is given in appendix.
For (3.16), use Jensen’s inequality applied to the distribution with probabilities p;;,

J > 0, and the function z logx, to give

> " Sijlogj > —p+ A(log(if) — logi) = A log§ —

i>1
for any 7 > 2: note that, for such 4, log(i — 1) —logi > —(i —1)~!. In the case i = 1, (3.16)
is immediate.

For (3.17), simply observe that

ZSinogj —logi| < u—i—%[;jpw(%) +Zpij(i—j)]
§>i

j>1 Jj<i
< 4+ X207 4 io?) + i)

We now show that Y is recurrent if Rglogf = 1. To do this, apply Theorem 3.3
of Tweedie (1975), showing that 3, Sij(log 7)1/ < 0 for all i sufficiently large: this
is equivalent to >, Pj; (logj)'/? < (logi)Y/? for P the ‘jump’ matrix defined by P;; =

(1 —0i;)Si;/S;. The argument follows from the two estimates

(i — D){(log(i — 1))"/* = (logi)'/*} < —%u(logi)‘l/z +0(i" (logi)~'/?),
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and, using Jensen’s inequality,

NS i (log §)12 = A0(log) /2 < A9 (log(i0 + 02/0))/* — (105 )

i>1

- )\Q(logi)l/z([l +

<

<

logf + O(i=1)11/2
log i ] B 1>
A0 (log i) /2 { (1+ 10gi>1/2 — 14 0((ilogi) ™) }

-1/2 & (log 6)*
8 (logi)3/2

log 6

Adlog 6(log 1)

log 6\ —3/2 . .
(1+ logi> +0(i(logi)~1/?).

(NN

Finally, to show that Y is transient if Rglog6 > 1, apply Theorem 6 of Foster (1953), by
showing that there is an «, 0 < o < 1, such that

> 8ii7* <0 forall i
i>1

In fact, by Jensen’s inequality,

D S8 < p{(i = 1) =i T 4 AT (0) T — (A0 — )i
i1

<im0 — (1l — @) — (M — )},

and so an « with the required properties exists provided that the function f(x) = A\0% — px:
satisfies f(1) > ming<z<1 f(z). However, if Ryglogf > 1, f'(x) = A" logf — p > 0 for z

near 1 and so this is indeed the case.

Proof of Theorem 2.6.

Since Theorem 2.5 is enough when Rglogf < 1, we concentrate attention on the case

Rylogf > 1: the case Rplogf = 1 can then be dealt with, using the monotonicity in A.
As in the proof of Theorem 2.5, for any 0 < o < 1,

with

Z Sijj_a < i %eq,

i>1

Co = (A7 — (1 — @) — (A0 — p).

If Rylogt > 1, ¢, < 0 for a near 0, taking its minimum at

1= log()\lgg0>/log0 =1- 10g(R0190g9>/10g9 >0,
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if Rylogf <0, and at 1 if Rylogf > 0. So, for 1 < Rylog¥, 2321 Siji— ¢ < —di™®, with

0
Ry logt

)/logﬁ and d= L(RO logf — 1 —log(Rplogh))

azl—log( log 6

if 1 < Rologf < 6 and with « = 1 and d = A(@ — 1) — p if Rologf > 6. Applying
Lemma 3.2, it thus follows that, for each [ > 1 and for all £ > 0,

eME{Y ()71} < e®E{Y (1)} <IE{Y(0)"2} =1~
Thus, from (3.1),

Z‘Uj (t) = (lel(o)]Ez{Y(t)_l}> e(A0—wt < Zjl—ax§0)e(A9—u—d)t,

i>1 1>1 i1
and hence, for Rylogf > 1,

limsupt~* logz zj(t) <N —p—d=c(\pb), (3.18)

t—00 i>1
(0)
J

For the reverse inequality, the argument is more delicate. For any K > e, we define

gr (j) = j~x ) for

since now, by assumption, Zj>1 Jjry’ < oo.

0 for 1 <j <K,
aK(j) = log log K 2 .
(1 - ﬁ%) for j > K,
and show that
Zsijg}{(j) > —(d+e(K))gx (i), (3.19)
j>1

where e(K) = O((loglog K)~/?) and d is as above. ;From Lemma 3.2, it then follows
that

]E,{Y(t)—aK(Y(t))} > e—(d+e(K))t]El{Y(O)—aK(Y(O))} _ o (dte(B))t—ax(l)
Now, for ak so defined, sup,>, gl=ox(®) = C(K) < oo, and hence
C(K)YEA{Y (t)7'} > e~ (dHeEDt—ax )
also. Hence, from (3.1),

lim inft~"log» x;(t) > M — p—d — e(K) = c(X, p,0) — e(K), (3.20)
—00
i>1
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and since, by choice of K, ¢(K) can be made arbitrarily small, the theorem follows.
It remains to prove (3.19). Suppressing the index K from now on, we note that
Z Sz]g — 'u/ I — 1)(g(i - 1) + A — Z]p’bj )) (3'21)
Jj>1 ]>1
Now, for ¢ > 2,
g(i— 1)'— 9() _ ) (j — 1)l _
9(2)

( ) a(z)( )a(z’)—a(z’—l) -1
>1+ita(i) —1 =i tali). (3.22)

Then, for any 5 < i,

90) _ al) ;00) @)
= >
(i) " /3 (J> ’

whereas, for j > 1,

99) _ ()™ exp{iog j(ali) - ali))}

g(i) \J
0\ (8 —4(j —i)logy
o
- (3) eXp{(KlogKvilogi)loglogK}

-\ a(i) Cali
= (5) exp{ (K vj)(lioglggf(}’

if also j < (K V4)2. Thus, for all j,

9(Jj i\« -
% > (;) — liis(rviy2y — 8(loglog K) Y2 1{j>(KVi)(loglogK)1/2}7 (3.23)

and hence, using the Jensen and Markov inequalities, and the fact that 0 < a(j) < 1, it
follows that

L. o,y
=D _ipiig(i)/9 ()
j2t (3.24)
( i )a(i) i+ a%)0 8 B il +a2/0
i+ 02/0 (KVvi)2 loglogK (K Vi)y/loglogK’

Combining (3.22) and (3.24), and recalling that (i) = 0 for i < K, we thus find that, for
all 1 > 1,

Z Siig(5) > pau(i) + A0 — X0 — i~ a(i)
]>1
— Ae{e—a(i)u — (14 ¢%/i6*)7*D] 4 (K vi)~0(1 + 02/i6?)
N 8 N 0(1 + 02/2'02)}
Vloglog K Vloglog K
= Ca(i) — 77(7’7 K)v
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where |n(i, K)| = O((loglog K)~'/?) uniformly in i. Hence, for all § > 1,
1 :
— Y " Siig(j) > —(d + e(K)),
9()) =4

where e(K) = sup;s; |1(i, K)| = O((loglog K)~1/2) as required.

Proof of Theorem 2.8.

The proofs of the recurrence properties of Y are discrete time analogues of those used
for Theorem 2.5, so we only mention the essential steps. To prove that Y is positive
recurrent, if 6 < e, use Tweedie (1976, Theorem 9.1(i)), showing that

ZLU logj <logi+ (logh — 1) + ¢,
i1

where lim;_,« £; = 0. Then Y is null recurrent or transient when 6 > e from Tweedie (1976,

Theorem 9.1(ii)), because

ZLU logj > logi+ (logf — 1) > log 1,
Jj>1

and because )., L;j|logj — logi| is uniformly bounded in i. That Y is recurrent if
0 = e follows, as for Y when Rplogf = 1, from Tweedie (1975, Theorem 3.3), since
> i1 Lij (logj)*/? < (logi)'/2 for all i large enough; here, we use Jensen’s inequality to
show that .

> Lij(log )2 <i™h) {log(10 + 0?/0)}/2,

§>1 =1

and then calculate that

71y {log(if + 0?/0)}'/? =i~y "{log(i0)}'/? + O(i~ ' (log i) /?)
=1 =1

1 0

== (logz)'/2 dz + O (i~ (log i)'/?)

1
< (logi)'/? — __r + O(i"(log i)*/?)
- 8(21ogi)3/2 ’

for @ = e. That Y is transient if § > e follows from Foster (1953, Theorem 6), since

S Ly <it®

g1
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for all i, if &« € (0,1) is such that 6*(1 —«a) > 1; for § > e, any o > 0 which is small enough
does the trick.
To determine the asymptotic growth rate of f/, the arguments are much as for The-

orem 2.6. If 6 < e, Vs positive recurrent, and the growth rate follows using (2.18). For

D LT <im%,

g1

0 > e, it follows easily that

where ¢, = [0%(1 — «)]~! has a minimum value of elogf/0, attained when 1 > o =
1 —1/log# > 0. Let o henceforth denote this value. Since c;”Yn_o‘ is a supermartingale,
it follows that

GME{Y Yy =1 < PE{Y | Yo =1 < EB{Y; Y| Yo =1} =17,

and thence, from (2.18), that

limsup{z $§n)}1/n = hmsup{ZZa:( )T"} < Roco, = Aelogf/ .

n— 00 i>1 n—00 i>1i>1

For the reverse inequality, we consider g (j) = j~°%U) with ag(j) as defined in

proving Theorem 2.6, showing that

D Lijgx (i) > [ea = n(K)lgxe (i) (3.25)

for all i > 1, where n(K) = O((loglog K)~'/2) and o = 1 — 1/ log#. Tt follows from (3.25),
much as in the argument preceding (3.20), that

]E{f/n—ax(?n) |f/0 =1} > [cq — n(K)]n]E{f/o—aK(Y’o) |f/0 =1} = [ca — n(K)]"l_aK(l).
Since also
(Y% ) | ¥y = 1} = B{Y; Vo< ) | ¥y = 1} < C(K)E{Y ! | Yo =1},

where C(K) = sup,>,; #'~*%(*) as before, we then have

Z ZZE(O)Tn > Rn ZxEO)il—ak(i)[ca — n(K)]n/C(K),
j>14>1 izl
and hence that

imint{ S~ 2V = liming O 7V S R = Aelog 0/
i 3"} =i 3 3T} 2 Roce = Aelog /i



It thus remains to prove (3.25); we suppress the index K from now on. Using (3.23)

and the Jensen and Markov inequalities, we find, analogously to (3.24), that

> Lijg(4)/9(i) > i@~ 1Zw+02/9> o)

7>1 =1

Zl9+a /9 . 10+ 02/6
(K V)2 \/loglogK — (K Vi)y/loglog K’

The last three terms in the lower bound are uniformly of order (loglog K)~'/2, so that
only the first need be considered further: call it U;. Then, for i < K, we have a(i) = 0,
and thus U; =1 > ¢,. We also have

a(z) 1 i

1 1 :
a(t) > = —a(d)
Ul_ewwzz _QH%/ dy.

If we pick an a* such that fol —"dy > 0 + 02/0, and then i* such that fll/ Ly dy >
0 + 02 /0, it follows that U; > 1 > ¢, for all i so large that a(i) > o* and i > *; for K
chosen large enough, «a(i) > «a* already implies that i > i*, so that then U; > 1 > Cq
whenever «(i) > o*. Finally, if i > K and a(i) < o*,

joli)—1 i jai)—1 9

Ui= o Zl - 0] Zl a(z{1_< wﬁ)_a(i)}

jo(i)—1 .
> Zga(i) / =@ dz — O((loglog K)~1/?)
1

= Ca(s) — O((log 10g K)_l/z),

where the errors are uniform in the stated range; and c, ;) > cq.

Proof of Theorem 2.9.

To analyze the process (Y, Z), let

X(1,1) = xy,2 (i, 1) = E{y¥ ©2Z® |y (0) = i, Z(0) = 0},

for 0 < g,z < 1. Then, conditioning on the time and outcome of the first transition, we

have

t
x(i,t) = e—[(i—l)u+)\9]tyi+/ —[(i=1)u+0]u {( —Dpx(i—1,t—u —}—Z jp”ZX(j,t u)}dul
0
]>1
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Changing variable to v = ¢t — u in the integral, multiplying by exp{[(¢ — 1)u + A0]t} and

differentiating gives

Ox

B¢ (0 10— D+ Mx(6,) = (i = Dpux(i — 1,1) + > i Azipix (. t).

j=>1
Rewriting in terms of ;(t) = x(i,t)e™**~1  we thus obtain

PP
ot

+ (0= D+ A0 = (i — Dppi + Z mebj,

7j>1

the equation for the generating function of the process Y, when the infection rate is Az
instead of A.

Appendix
Let X be the minimal pure jump Markov process associated with an irreducible IN x IN

intensity matrix () for which inf; q; > 0, where, as usual, ¢; = —q;; = Z#i gij- Suppose
that there exists a function g : N — IR which satisfies

(1) : Zq”g )>0 forall i>ip;

(i4) qu|g g(i)| < B forall i>1;

o ;
(122) gg%}fg( i) <glmg()

for some iy > 1, < co. Then X is either null recurrent or transient.

Proof. (a) Without loss of generality, we may take g to satisfy (i) for all i, and to be
such that (Qg);, > 0 for at least one jo.

If not, define ¢'(j) = g(j) V max;<;, g(1); g’ then has the required properties. For (i),
if 1 < g, we have

Q)i = aij (g’ —ming ‘(1)) >0,
JFi

whereas, for i > ip, we have (Qg'); > (Qg); > 0; (ii) is immediate, since |¢'(j) — ¢'(7)| <
lg(j) — g(i)] for all 4, 7; and, if j < iy, we have

(Qg"); = ajulg(l) — maxg(i)),

- 1<ig
I>19
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where all terms of the sum with ¢; > 0 are positive and the rest are zero, so that the sum
is positive for any j for which g;; > 0 for some I > ip, and one such j at least must exist,

because () is irreducible.
From now on, we assume if possible that X is positive recurrent.

(b) Let Ty denote the time at which jq is first reached. Then E;Ty > 7 1|g(i) — g(jo)|-
Let 790 = 0 and (7, j > 1) denote the jump times of X, write x; = X (7;) and set

Moy=0; M,= Zﬂg(ﬂﬂj) —g(zj—1)| = (15 — 7j-1)U(wj-1)}.

Then E|M,,| < 2nSsup; qz._1 < 00, and a simple calculation now shows that (M,, n > 0) is
a martingale with respect to the o—fields 3, = o{(z;,7;), 0 < j < n}. Hence, if Ny < o0
denotes the index of the jump at which jj is first reached, it follows that IE;(M,an,) =0

for any n > 0 and any ¢, so that

19(4) — g(j0)[IP[Ny < n] < ]E’L{Z l9(x;) — g(xj—1) I[Ny < n]}
< ]Ez{ ZO(Tj - Tj—l)U(xj—1)} < BE;(1, ANTy) < BIE;Ty,

for any n > 0, from which claim (b) follows.

() For all t, B;g(X (t)) — g(i) = E; [,(Qg) x(u) du.
This follows from Hamza and Klebaner (1995), Theorem 2 and the remark following
it.

Let T\" = inf{s > t: X(s) = jo}, and set e, = E,;, T" — .

(d) limsup,_, .t~ te; = 0.

We use a last entrance renewal formula to write
t
er = h(t) +/ h(t — u) dm(u),
0

where m is the renewal function corresponding to the distribution function F' of the time JN“O

of the first return to jo when starting from jy, and

h(t) = B, {(To — )I[Ty > t]} < B, (ToI [Ty > t]).
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Note that thus h*(t) = sup,, h(s) — 0 as t — oo if X is taken to be positive. Hence, in

particular, we have
et < h(t) +m(t —s)h*(s) + (m(t) — m(t — s))h*(0),
so that, letting s > 0 be fixed but arbitrary, it follows that

limsupt e, < p~th*(s),

t—00
where 1 = [ udF (u), proving (d).

(e) liminf; o, t~te; > 0, the desired contradiction.

JFrom (b) and (c), we have

er = Ej (E(Ty) — | X (1)} > 57E;, lg(X(£) — 9 (o)
> B7HE;,9(X (8) — 9(Go)l > 7 HQ9) 1o Ejo Hi (o),

where Hy(jo) = f(f I1X(s) = jo]ds. However, (Qg)j, > 0 and limy;_, o 7, Hy(jo) exists

and is positive if X is positive, proving the contradiction.
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